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STATEMENT  OF  THE  PROBLEM  STUDIED 


Adiabatic  shear  bands  are  narrow  regions  of  intense  plastic  deformation  that  form 
during  high  strain-rate  processes,  such  as  shock  loading,  ballistic  penetration,  metal  forming, 
and  machining.  As  these  bands  generally  precede  material  fracture,  a  knowledge  of  factors 
that  inhibit  or  enhance  their  growth  is  essential  to  the  production  of  durable  materials. 
These  bands  form  in  both  ferrous  and  nonferrous  alloys. 

Johnson'  has  recently  pointed  out  that  Tresca^  in  1878  and  Massey^  in  1921  observed 
hot  lines,  now  referred  to  as  adiabatic  shear  bands,  during  the  forging  of  platinum.  Both 
Tresca  and  Massey  stated  that  these  were  the  lines  of  greatest  sliding,  and  also  therefore 
the  zones  of  greatest  development  of  heat.  In  1944,  Zener  and  Hollomon"'  observed  32fim 
wide  shear  bands  during  the  punching  of  a  hole  in  a  0.25%  C  low  alloy  steel  plate  and 
stated  that  the  microstructure  of  the  material  within  the  shear  band  was  martensitic.  They 
added  that  heating  caused  by  the  plastic  deformation  of  the  material  made  it  softer  and  the 
material  became  unstable  when  this  thermal  softening  equalled  the  combined  effects  of 
strain  and  strain-rate  hardening.  Further  evidence  of  the  change  in  the  microstructure 
within  the  shear  band  to  martensite  is  cited  by  Rogers  ^  in  his  review  article  and  also  by 
Backman  and  Finnegan*^.  Stock  and  Thompson’,  and  Bedford,  Wingrove,  and  Thompson* 
have  suggested  that  the  material  within  an  adiabatic  shear  band  melts.  Even  when  the 
material  does  not  melt,  the  temperatures  reached  within  the  band  are  high  enough  for  phase 
changes  to  occur.  We  note  that  the  peak  homologous  temperature,  i.e.,  the  absolute 
temperature  of  a  material  particle  divided  by  the  melting  temperature  of  the  material  in 
degrees  Kelvin,  equal  to  0.7  or  higher  has  been  estimated  from  experimental  measurements 
and  has  also  been  confirmed  computationally"”.  Different  phases  of  the  same  material 
generally  have  quite  different  thermophysical  properties,  and  the  phase  transformations  may 
involve  absorption  or  release  of  the  latent  heat,  volume  change  and  shearing  deformations. 

The  dynamic  torsional  experiments  of  Culver'^  on  mild  steel,  titanium,  and  6061-T6 
aluminum  indicate  that  the  localization  began  near  the  peak  in  the  stress-strain  curve  for 
each  material  tested.  This  observation  seems  to  be  borne  out  by  the  experimental  work  of 
Costin  ei  Ml'”*  However,  recent  experimental  and  numerical"  '’  investigations  have 
established  that  the  localization  of  the  deformation  initiates  in  earnest  at  a  value  of  the 
average  strain  much  greater  than  the  value  at  which  the  shear  stress  or  the  effective  stress 
attains  its  peak  value.  Experimental  findings  of  Marchand  and  Duffy’  on  HY-100  steel 
indicate  that  the  shear  strain  localization  phenomenon  consists  of  three  stages.  In  the  first 
stage,  the  deformation  stays  homogeneous.  Stage  two,  stipulated  to  initiate  when  the  shear 
stress  attains  its  peak  value,  involves  non-homogeneous  deformations  of  the  block.  In  stage 
three,  the  shear  stress  drops  precipitously  and  the  severely  deforming  region  narrows 
considerably.  Thus  the  stability  criterion'^’'*  based  on  the  stress  attaining  a  maximum  value, 
will  predict  the  initiation  of  stage  two  rather  than  the  beginning  of  the  intense  localization 
of  the  deformation. 

In  a  departure  from  the  notion  of  a  criterion  based  on  a  stress  maximum,  Clifton'’ 
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and  Bai'*  examined  the  growth  of  infinitesimal  periodic  nonuniformities  in  an  otherwise 
uniform  simple  shearing  deformation.  Burns'^  used  a  dual  asymptotic  expansion  to  include 
the  time  dependence  of  the  homogeneous  solution  in  the  analysis  of  the  growth  of  an 
initially  small  perturbation.  His  work  suggests  that  initiation  of  an  unstable  shear  band, 
followed  by  exponential  growth,  occurs  after  a  critical  shear  strain  corresponding  to  the  peak 
stress  in  the  homogeneous  deformation  for  the  same  overall  strain  rate  is  reached.  On  the 
other  hand,  Shawki  et  by  using  both  numerical  and  perturbation  techniques,  concluded 
that  exponential  growth  is  not  a  sufficient  condition  for  judging  whether  or  not  a  shear  band 
forms,  as  the  corresponding  homogeneous  deformation  may  also  grow  extremely  rapidly 
once  the  peak  stress  has  been  reached  and  growth  is  not  restricted  to  a  narrow  band. 
Anand  et  aL^'  have  generalized  Clifton’s  analysis  of  small  perturbations  superimposed  upon 
a  uniform  simple  shearing  deformation  to  3-dimensional  problems. 

Both  numerical  and  experimental  works  indicate  that  peak  strain  gradients  of  0.2  per 
fjLxn  or  higher  are  reached.  A  deforming  region  with  such  high  strain  gradients  is  expected 
to  experience  a  force  which  inhibits  the  growth  of  inhomogeneities  without  totally 
suppressing  them.  This  led  Wright  and  Batra^^  to  use  a  dipolar  theory,  obtained  by 
modifying  the  dipolar  theory  of  Green  ^  aL  ^Mo  include  strain-rate  effects,  in  the  analysis 
of  the  shear  band  problem.  Coleman  and  Hodgdon^'*  introduced  the  mollifying  force  by 
adding,  to  the  expression  for  the  stress  in  the  classical  flow  rule,  a  term  linear  in  the  second 
spatial  gradients  of  the  accumulated  strain.  Aifantis  and  his  coworkers^^'^*^  used  a  different 
set  of  reasoning  to  consider  gradients  of  strain  in  the  theory.  Earlier,  Dillon  and 
KratochviP  proposed  a  strain  gradient  theory  of  plasticity  valid  for  infinitesimal 
deformations  in  which  second  and  third  order  spatial  gradients  of  the  displacement  were 
also  taken  as  independent  variables.  Their  motivations  for  including  higher  order  gradients 
were:  1)  the  basic  concept  of  work  hardening  due  to  Seeger^*  in  which  dislocations  interact 
and  therefore  the  internal  forces  are  not  restricted  to  being  of  the  contact  type,  and  2)  the 
experimentalist  using  a  better  strain  gauge  observes  a  change  in  the  non-homogeneous 
residual  deformations  in  a  standard  tensile  test  if  he  also  observes  large-scale  plastic  strains. 

In  contrast  to  the  consideration  of  phase  transformations  and  the  use  of  higher  order 
spatial  gradients  of  the  displacements,  another  way  to  account  for  structural  changes  is  to 
use  constitutive  equations  which  employ  a  suitable  number  of  scalar  and  tensor  valued 
internal  variables.  Nemat-Nasser^’  has  recently  reviewed  the  literature  on  the  use  of 
internal  variables  in  the  constitutive  theory.  Guided  by  the  recent  work  of  Loret^°  and 
Dafalias^',  Anand^^  has  provided  a  set  of  constitutive  equations  appropriate  for  larp 
deformation  elasto-plasticity  that  include  two  internal  variables:  a  scalar  and  a  symmetric, 
traceless  second-order  tensor  as  measures  which,  in  an  average  sense,  represent  an  isotropic 
and  an  anisotropic  resistance  to  plastic  flow  offered  by  the  internal  state  of  the  material. 
The  theory  allows  for  a  phenomenological  modeling  of  texture  development  or  structural 
anisotropy. 

All  of  the  works  on  shear  banding  referred  to  above  have  involved  analyzing  simple 
shearing  deformations  of  a  viscoplastic  block  containing  a  material  inhomogeneity. 
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LeMonds  and  Needleman”'^,  Needleman^*,  Anand  et  al^®,  Zbib  and  Aifantis^^,  Batra  and 
Zhu  and  Batra'*®,  and  Batra  and  Zhang'”  have  studied  the  phenomenon  of  shear 
banding  in  plane  strain  deformations  of  a  viscoplastic  solid.  Whereas  Needleman  studied 
a  purely  mechanical  problem,  other  works  have  treated  a  coupled  thermomechanical 
problem.  LeMonds  and  Needleman,  and  Anand  et  al  neglected  the  effect  of  inertia  forces 
on  the  ensuing  deformations  of  the  body.  These  investigations  have  employed  different 
constitutive  relations,  different  techniques  to  integrate  the  stiff  set  of  governing  partial 
differential  equations  and  the  conventional  finite  elements.  It  seems  that  the  use  of  recently 
proposed  enhanced  elements'*^^  designed  for  the  localization  problems  should  enable  one 
to  capture  the  details  of  the  localization  problem  within  reasonable  computational  resources. 


II.  BRIEF  REVIEW  OF  COMPLETED  WORK 

We  have  analyzed  the  effect  of  microstructural  changes  on  the  initiation  and  growth 
of  shear  bands.  These  were  studied  by  i)  developing  an  adaptive  mesh  refinement  technique 
to  decipher  adiabatic  shear  bands  in  two-dimensional  problems,  ii)  formulating  a  three- 
dimensional  finite-deformation  theory  for  dipolar  thermoviscoplastic  materials  and  using  it 
to  examine  the  initiation  and  growth  of  shear  bands  in  plane  strain  thermomechanical 
deformations  of  dipolar  materials,  iii)  employing  an  internal  variable  theory  of  Brown,  Kim, 
and  Anand  to  study  the  shear  band  problem,  iv)  investigating  the  possibility  of  phase 
transformations  during  the  development  of  adiabatic  shear  bands  in  a  steel  specimen,  v) 
ascertaining  the  speed  of  propagation  of  a  shear  band  in  a  steel  tube,  vi)  assessing  the  effect 
of  frictional  forces  between  the  loading  device  and  the  cylinder  ends,  vii)  analyzing  the 
development  of  a  shear  band  in  a  FCC  single  crystal,  and  viii)  investigating  the  effect  of 
softening  caused  by  the  nucleation  and  growth  of  voids.  Principal  results  obtained  during 
these  investigations  are  summarized  below. 

One  way  to  economize  on  computational  cost,  without  compromising  on  accuracy, 
is  to  use  adaptively  refined  meshes.  For  two-dimensional  problems,  we'*^  '*®  have  developed 
two  adaptive  mesh  refinement  techniques  that  concentrate  fine  elements  within  severely 
deforming  regions  and  coarse  elements  elsewhere.  In  one  of  these  techniques,  developed 
for  triangular  elements,  new  nodes  are  added  whenever  and  wherever  necessary  and  thus 
the  element  topology  changes  with  every  mesh  refinement.  This  is  a  little  hard  to 
implement  in  existing  codes  but  can  delineate  shear  bands  as  accurately  as  desired.  The 
other  technique,  suitable  for  quadrilateral  elements  and  easily  incorporable  in  an  existing 
code,  keeps  the  mesh  topology  fbced  but  moves  nodes  around  so  as  to  concentrate  finer 
elements  in  the  severely  deforming  regions  and  coarser  elements  elsewhere.  Both  of  these 
techniques  have  been  successfully  used'*’  '**  to  study  the  localization  of  deformation  into 
narrow  bands  originating  from  an  inhomogeneity  during  high  strain-rate  plane  strain 
deformations  of  thermoviscoplastic  materials;  adaptively  refined  meshes  for  a  microporous 
steel  block  deformed  in  plane  strain  tension'**  at  a  nominal  strain-rate  of  5000/s  are  depicted 
in  Fig.  1.  The  computed  results  reveal  that  the  use  of  adaptively  refined  meshes  results  in 
lower  errors  in  the  numerical  solution  as  compared  to  that  obtained  with  a  fixed  mesh'*^  '**. 
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In  each  case,  the  computed  solution  is  compared  with  a  higher-order  approximate  solution. 
The  evolution  of  the  nondimensional  temperature  at  the  block  centroid  with  softening  first 
due  to  temperature  rise  only  and  then  due  to  void  nucleation  and  growth  only  is  plotted  in 
Fig.  2.  It  is  apparent  that  for  the  material  parameters  considered  herein,  the  softening 
caused  by  void  nucleation  and  growth  is  significantly  more  than  that  caused  by  the 
temperature  rise. 
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Figure  1.  Two  adaptively  refined  meshes  during  the  plane  strain  tensile  deformations 
of  a  porous  thermoviscoplastic  steel  block'**. 

A  comparison'*’  of  results  for  an  axisymmetric  compression  problem  with  those  for 
a  plane  strain  problem  reveals  that  the  initiation  of  shear  bands  is  significantly  delayed  for 
the  former.  When  the  contact  surfaces  between  the  cylinder  and  the  loading  device  are 
taken  to  be  rough  enough  to  prevent  any  sliding  between  the  two,  the  cylinder  deforms  into 
a  barrel;  however,  it  deforms  into  a  reversed  barrel  when  the  contact  surfaces  are  smooth 
(c/.  Fig.  3).  These  observations  are  in  qualitative  agreement  with  the  test  findings. 

The  large  plastic  deformations  of  an  initially  isotropic  body  change  its  microstructure 
and  the  response  of  the  body  to  subsequent  deformations  is  anisotropic.  One  way  to 
account  for  these  microstructural  changes  is  to  use  an  internal  variable  theory  with  two 
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Figure  3.  Refined  meshes  and  deformed  shapes  of  cylinders  (a)  with,  and  (b)  without 
frictional  forces  at  the  contact  surfaces'*’.  In  the  undeformed  reference 
configuration,  the  cylinder  height  and  radius  equalled  one. 

variables:  a  scalar  and  a  symmetric,  traceless  second-order  tensor  which  ,  in  an  average 
sense  represent  an  isotropic  and  anisotropic  resistance  to  plastic  flow  offered  by  the  internal 
state  of  the  material.  We"*’  used  such  a  theory  due  to  Brown,  Kim  &  Anand^*^  to  assess  the 
effect  of  anisotropic  resistance  to  plastic  flow,  also  known  as  kinematic  hardening,  on  the 
initiation  and  growth  of  shear  bands  in  a  steel  block  deformed  in  plane  strain  compression 
at  a  nominal  strain-rate  of  5000/s.  The  qualitative  nature  of  computed  results  was 
unaffected  by  the  consideration  of  kinematic  hardening,  and  was  similar  to  that  obtained  by 
using  the  constitutive  relation  proposed  by  Batra^‘  and  used  by  Batra  &  co-workers'*^’'**’^’. 

Zener  &  Hollomon^  Rogers*,  Wingrove**  and  Kalthoff  have  pointed  out  the 
presence  of  martensite  within  a  shear  band.  An  explanation  given  for  the  occurrence  of 
martensite  is  that  the  material  within  the  band  is  heated  to  a  temperature  far  above  the 
transformation  temperature  where  ferrite  transforms  into  austenite  which  is  quenched 
rapidly  by  the  surrounding  cooler  material  and  transformed  into  martensite.  By  postulating 
rather  simple  kinetic  equations  for  the  transformation  of  a  mixture  of  ferrite  and  cementite 
into  austenite  during  heating,  from  austenite  to  a  mixture  of  austenite  and  pearhte  during 
cooling  and  then  to  martensite  or  directly  from  austenite  to  martensite,  accounting  for  the 
latent  energy  required  for  phase  transformations,  and  volume  changes  associated  with  them, 
and  using  the  rule  of  mixtures  to  determine  the  thermophysical  properties  of  a  material 
point,  we**  have  investigated  the  feasibility  of  the  formation  of  martensite  within  a  shear 
band  developed  in  a  steel  block  deformed  in  plane  strain  compression.  It  is  evident  from 
the  cooling  curve  for  a  point  within  a  shear  band,  shown  in  Fig.  4,  that  the  austenite  is 
quenched  fast  enough  to  be  transformed  into  martensite  rather  than  a  mixture  of  pearhte 
and  austenite. 
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Figure  4.  (a)  Variation  of  temperature  at  a  point  within  the  shear  band,  and  (b)  cooling 
curve  for  the  point  superimposed  on  the  C-C-T  diagram. 
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Motivated  by  experimental  and  numerical  observations  that  the  peak  strain  gradients 
of  the  order  of  0.2  per  ^m  occur  within  and  in  the  vicinity  of  a  shear  band,  Wright  &  Batra^^ 
proposed  a  one-dimensional  theory  for  rate  dependent  dipolar  materials  by  modifying  the 
dipolar  theory  of  Green  et  al?^  to  include  rate  effects.  We^'^  have  generalized  this  theory 
to  study  3-dimensional  finite  deformations  of  thermoviscoplastic  materials.  The  theory 
introduces  a  material  characteristic  length  in  addition  to  the  viscous  and  thermal  lengths. 
The  computed  results  indicate  that  the  consideration  of  dipolar  effects  stiffens  the  material 
response  in  the  sense  that  the  rate  of  growth  of  the  second  invariant  of  the  strain-rate  tensor 
and  temperature  at  the  point  of  the  initiation  of  the  shear  band  is  lower  as  compared  to  that 
for  nonpolar  materials.  Also,  the  width  of  the  severely  deforming  region  is  more  for  dipolar 
materials  as  compared  to  that  for  nonpolar  materials.  For  reasonably  fine  meshes  and 
suitable  values  of  the  material  characteristic  length,  computed  results  are  found  to  be 
independent  of  the  finite  element  mesh. 

To  understand  the  micromechanics  of  shear  band  formation  in  polycrystalline 
materials,  we^^  studied  the  development  of  shear  bands  in  a  FCC  single  crystal  deformed 
in  plane  strain  compression  along  the  crystallographic  direction  [010]  with  the  plane  of 
deformation  either  parallel  to  the  plane  (001)  or  ( 101 )  of  the  single  crystal.  The  material 
defect  is  modeled  by  introducing  a  temperature  perturbation  at  the  centroid  of  the  square 
block.  All  twelve  slip  systems  were  taken  to  be  potentially  active.  In  the  former  case,  a 
single  shear  band  making  an  angle  of  45°  with  the  horizontal  line  ensues  from  the  centroid 
of  the  cross-section  where  the  temperature  is  perturbed.  The  slip  strains  on  the  slip  systems 
(111)[110],  (111)[110],  (111)[110],  and  (111)[110]  are  high,  and  these  constitute  the 
primary  slip  systems.  At  a  nominal  strain  of  0.108,  the  maximum  angle  of  rotation  of  the 
crystal  lattice  within  the  band  equals.  18.54°  counterclockwise.  When  the  plane  of 
deformation  is  parallel  to  the  plane  (101)  of  the  single  crystal,  the  shear  band  originating 
from  the  center  of  the  cross-section  makes  an  angle  of  39.5°  with  the  horizontal,  and 
eventually  splits  into  two  bands.  This  is  evidenced  by  the  contours  of  the  maximum 
principal  logarithmic_strain,  plotted  in  Fig,  5,  at  four  different  values  of  the  average  strain. 
Slip  systems  (111)[110]  and  (111)[011]  within  the  band  are  found  to  be  more  active  than 
other  slip  systems. 

When  the  FCC  single  crystal  is  deformed  along  the  crystallographic  direction  [380] 
with  the  plane  of  deformation  parallel  to  the  plane  (001)  of  the  single  crystal,  it  was  found 
that  the  nonhomogeneity  of  deformations  caused  by  different  amounts  of  plastic  deformation 
on  various  slip  systems  was  enough  to  induce  a  shear  band  no  matter  whether  the  crystal 
wa^  compressed  jjr.  pulled^*.  Each  one  of  the  slip  systems  (111)[110],  (111)[110], 
( 111  )[110],  and  ( 111  )[110]  contributes  essentially  equally  to  the  plastic  deformation  of  the 
crystal  and  these  slip  systerns  become  active  soon  after  the  load  is^pplied.  The  same  holds 
for  slip  systems  (111)[011],  (111)[011],  (111)[101],  and  (111)[101]  except  that  they  are 
active  in  a  region  different  from  that  of  the  previous  one.  The  remaining  four  slip  systems 
either  stay  inactive  throughout  the  deformation  process,  or  become  active  at  late  stages  of 
the  deformation. 
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Figure  5.  Deformed  meshes  at  (a)  t  =  140  /xs,  (b)  t  =  180  ns,  and  (c)  t  =  200  /xs  for  the 
steel  tube  twisted  at  an  average  strain-rate  of  5000/s. 
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We^’  have  simulated  numerically  Marchand  &  Duffy’s’  torsion  test  on  a  thin-walled 
steel  tube  with  the  objectives  of  determining  whether  a  shear  band  initiating  from  a  defect 
will  propagate  around  the  tube  simultaneously  in  both  directions  or  in  one  direction  and 
ascertaining  its  speed  of  propagation.  The  deformed  meshes ,  at  three  different  times,  for 
the  steel  tube  deformed  at  a  nominal  strain-rate  of  5000/s  are  shown  in  Figs.  5a  -  5c. 
Initially  vertical  lines  are  deformed  into  essentially  parallel  inclined  lines  in  Fig.  5a 
indicating  that  the  tube  is  deformed  homogeneously  except  in  a  small  area  adjoining  the 
shaded  area.  The  flow  strength  of  the  material  in  the  shaded  region  is  taken  to  be  10% 
lower  than  that  of  the  rest  of  the  material.  In  Figs.  5b  and  5c,  a  small  region  near  the 
central  section  of  the  tube  is  deformed  severely  indicating  the  localization  of  the 
deformation  there.  The  localization  region  propagates  further  to  the  left  and  right  between 
t  =  180  /iS  and  t  =  200  /xs.  The  band  was  found  to  propagate  in  both  directions  at  the  same 
speed  which  varied  from  180  m/s  at  the  site  of  the  initiation  of  the  band  to  approximately 
1000  m/s  at  the  nearly  diametrically  opposite  point  when  the  tube  was  twisted  at  a  nominal 
strain-rate  of  5000/s  (cf.  Fig.  6a).  Results  plotted  in  Fig.  6b  indicate  that  the  band  speed 
increases  with  an  increase  in  the  nominal  strain-rate. 
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Figure  6.  Speed  of  propagation  of  the  shear  band  in  a  steel  tube  deformed  in  torsion.  The 
angular  position  is  measured  from  the  center  of  the  weak  region. 
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IX.  APPENDIX 


A  copy  of  each  of  the  following  papers  is  included  in  the  appendix. 

1.  Analysis  of  shear  bands  in  simple  shearing  deformations  of  nonpolar  and  dipolar 
viscoplastic  materials 

2.  An  adaptive  mesh  refinement  technique  for  the  analysis  of  shear  bands  in  plane 
strain  compression  of  a  thermoviscoplastic  solid 

3.  Consideration  of  phase  transformations  in  the  study  of  shear  bands  in  a 
dynamically  loaded  steel  block 

4.  Effect  of  kinematic  hardening  on  the  initiation  and  growth  of  shear  bands  in 
plane  strain  deformations  of  a  thermoviscoplastic  solid 

5.  Analysis  of  shear  bands  in  dynamic  axisymmetric  compression  of  a 
thermoviscoplastic  cylinder 

6.  Analysis  of  shear  bands  in  a  dynamically  loaded  viscoplastic  cylinder  containing 
two  rigid  inclusions 

7.  Analysis  of  dynamic  shear  bands  in  a  FCC  single  crystal 

8.  An  adaptive  mesh  refinement  technique  for  two-dimensional  shear  band  problems 

9.  On  the  propagation  of  a  shear  band  in  a  steel  tube 


Anslysis  of  sh©3r  bsncJs  in  simpl©  sh©3ring  d©form3tions 
of  nonpolsr  3nd  dipol3r  viscopl3stic  m3t©ri3ls 


R  C  Batra 

Departinent  of  Mechanical  and  Aerospace  Engineering  and  Engineering  Mechanics. 
University  of  Missouri-Rolla,  Rolla  MO  65401-0249 


During  the  past  few  years  we  have  studied  numerically  the  initiation  and  growth  of  shear 
bands  in  nonpolar  and  dipolar  viscoplastic  materials  being  deformed  in  sunple  shear,  rmd  in 
nonpolar  materials  undergoing  plane  strain  deformations.  We  summarize  here  our  work  for 
the  former  problem. 


1.  INTRODUCTION 

Narrow  regions  of  intense  plastic  deformation  have  been 
observed  during  high  strain-rate  plastic  deformation  of  many 
metals.  These  have  been  called  adiabatic  shear  bands  since 
there  is  not  enough  time  available  for  the  heat  to  be  conduct¬ 
ed  away  from  these  regions,  and  the  primary  mode  of 
deformation  is  that  of  shearing.  Tresca  (1878)  and  Massey 
(1921)  observed  such  bands  in  the  form  of  a  cross  during  the 
hot  forging  of  a  metal  and  called  them  hot  lines.  The 
research  activity  in  this  field  has  increased  significantly  since 
the  time  Zener  and  Hollomon  (1944)  reported  32  pm  wide 
shear  bands  during  the  punching  of  a  hole  in  a  steel  plate. 
Hackman  and  Finnegan  (1965)  have  reported  that  shear  bands 
initiate  at  flaws,  pits,  scratches,  and  inhomogeneities  in  the 
material,  and  these  zones  of  inhomogeneous  deformation 
propagate  from  their  initiation  site  like  a  running  crack.  The 
study  of  shear  bands  is  important  because  once  a  shear  band 
initiates,  the  subsequent  deformations  of  the  body  are 
concentrated  in  this  narrow  region  with  the  rest  of  the  body 
undergoing  very  little,  if  any,  deformations.  Also,  shear 
bands  usually  preceole  shear  fractures.  We  refer  the  reader  to 
the  papers  by  Shawki  and  Clifton  (1989)  and  Batra  and  Zhu 
(1991)  for  additional  references. 

The  foregoing  remarks  suggest  that  the  modeling  of  a 
material  inhomogeneity  and  the  material  beluvior  at  high 
temperatures  and  strain-rates  should  play  significant  roles  in 
the  study  of  shear  bands.  We  address  these  and  other  issues 
below. 


i  = 

*  = 

%  =  ns.a.^v.Q,y^.d/) . 

d^  =  lg{s,apif.Q.'t^.d^.l) . 

vj,  =  (s-y^  +  ladp/d+v/vpo)". 


(3) 

(4) 

(5) 

(6) 
(7) 


where  the  non-dimensional  numbers 

a  =  and  p  =  klpc^o^^ 

give,  reflectively,  the  effect  of  inertia  forces  relative  to  the 
flow  stress  of  the  material  and  that  of  heat  conduction.  Here 
p  is  the  mass  density,  v  the  velocity  of  a  material  particle  in 
the  direction  of  shearing,  w  the  thickness  of  the  block,  s  the 
shearing  stress,  o  the  dipolar  shearing  stress,  /  is  a  material 
characteristic  length,  9  the  tcmpcralnre  rise,  %  the  average 
applied  strain  rate,  )r„  the  plastic  strain-rate,  d,  the  dipolar 
plastic  strain-rate,  2H  the  height  of  the  block,  c  the  sp^ific 
heat,  So  the  yield  stress  in  a  quasistatic  isothermal  simple 
shearing  test  conducted  at  the  room  temperature,  and  k  the 
thermal  conductivity.  The  length,  time,  temperature,  ai^ 
stresses  arc  scaled  respectively  by  H,  %.  9^,  and  Sq  to  obtain 
their  nondimensional  counterparts  where 


2.  FORMULATION  OF  THE  PROBLEM 

In  terms  of  non-dimensional  variables,  the  equations  govern¬ 
ing  the  dynamic  thermomechanical  deformations  of  a 
viscoplastic  block,  shown  in  Fig  1,  and  undergoing  overall 
simple  shearing  deformations,  are 

awv  =  (yvs  -  /(wa).,).^ .  -1  <  y  <  1 .  (1) 

w9  =  p(w9p  y  -1  <  y  <  I. 


Throughout  this  paper,  a  superimposed  dot  indicates  the 
material  time  derivative  and  a  comma  followed  by  y  signifies 
partial  differentiation  with  respect  to  y.  Equations  (1)  and  (2) 
express,  respectively,  the  balance  of  linear  momentum  and 
the  balance  of  internal  energy.  Equations  (3)  through  (7)  are 
constitutive  assumptions,  wherein  p  is  the  shear  modulus,  Y 
is  an  internal  variable  used  to  describe  the  effect  of  the 
history  of  deformation  upon  the  response  of  the  material,  and 
the  functional  fonns  of/and  g  characterize  the  material  of 
the  body.  In  Eq  (7)  i/q  and  n  are  material  parameters. 
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For  the  initial  and  boundary  conditions,  wc  take 
v(y.O)  =  0.  j(y.O)  =  0,  a(y,0)  =  0.  eO’-O)  =  0. 


9 ^(±1,0  =0,  o(±l,0  =0.  ^ 


±1. 


(11) 


That  is,  the  block  is  initially  al  rest,  is  stress  free,  and  is  at  a 
uniform  temperature.  The  lower  and  upper  surfaces  of  the 
block  are  thermally  insulated,  and  equal  and  opposite 
shearing  speeds  are  prescribed  on  them.  The  boundaiy 
conditions  for  a  ate  justified  since  a  narrow  band  forms 
around  y  =  0  and  the  velocity  gradients  are  constants  near  y 

_  4-1 

Our  account  of  dipolar  effects  differs  from  that  of  Ale¬ 
man  and  Hodgdon  (1985)  and  Zbib  and  Aifantis  (19^)- 
Whereas  we  include  dipolar  stresses  corresponding  to  second- 
order  gradients  of  velocity  in  the  balance  of  linear  momentum 
and  the  balance  of  internal  energy,  the  two  papers  cited  above 
include  gradients  of  strain  only  in  the  constitutive  fun^on/. 
Note  that  our  formulation  of  the  problem  reduces  to  that  for 

simple  materials  by  taking  /  =  0.0. 

Sometimes  we  used  initial  and/or  boundary  condiuons 
different  from  those  given  in  (10)  and  (11).  and  also 
a  material  inhomogeneity  by  perturbing  the  temperature  field. 
Such  variations  to  the  formulation  of  the  problem  are 
delineated  whenever  appUcable.  Also  whenever  possible  wc 
exploited  the  symmetry  or  antisymmetry  of  defom^ns 
about  y  =  0  and  solved  the  problem  on  the  domain  ly-lJ* 

We  note  that  the  coupled  partial  differential  equations  (1) 
through  (7)  are  highly  nonlinear.  Their  approximate 
under  the  side  conditions  (10)  and  (11)  has  been  obtained  by 
the  finite  element  method.  This  is  accomplished  by  first 
reducing  the  governing  equations  to  a  set  of  coupled  onfii^ 
differential  equations  by  using  the  GalerlM  approxiination, 
which  are  then  integral^  with  respect  to  time  t  by 
Gear  (1971)  method  included  in  the  subroutine  LSODE 
developed  by  Hindmarsh  (1983).  The  details  of  the  afor^ 
ted  solution  technique  have  been  given  by  Bate  and  Kim 
(1990a).  We  note  that  Batra  (1987)  integrated  the  ordinary 
differential  equations  by  using  the  Ctank-Nicolson 
His  results  are  in  qualitative  agreement  with  those  obtained 
subsequently  by  using  the  Gear  method. 


y 


FIG  1.  A  schematic  sketch  of  the  problem  studied. 


Duffy’s  paper. 


3.  RESULTS 

3.1  Effect  of  constitutive  relations 

Batra  and  Kim  (1990b)  assumed  the  block  to  be  of  uniform 
thickness  and  modeled  the  material  inhomopneity  by 
assuming  that  the  initial  temperature  of  the  material  near  y  = 
0  was  slightly  higher  than  that  of  the  rest  of  the  material. 
They  found  values  of  material  parameters  m  the  Bodner- 
Partom  (1975)  constitutive  relation,  Litonski  law  (1977), 
Johnson-Cook  law  (1983).  Power  law  (e.g.  see  Costin  et  al 
1980).  and  the  Wright-Batra  (1987)  dipolar  theory  by 
ensuring  that  the  computed  shear  stress-shear  strain  curve  for 
a  block  without  any  defect  matched  well  with  that  reported 
by  Marchand  and  Duffy  (1988)  for  a  HY-100  steel  specimen 
subjected  to  torsional  loading  at  room  temperatxue  and 
deformed  at  a  nominal  strain-rate  of  3300  sec  .  The 
magnitude  of  the  temperature  perturbation  was  determined  by 
numerical  experiments  so  that  the  sharp  drop  in  stress 


FIG  3.  Plot  of  the  nonnalLzed  shear  strain  vs  the  normalized 
shear  stress  during  the  time  shear  stress  is  droppmg  wi 
increasing  strain.  See  HG  2  for  legends  of  curves. 
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occurred  ai  about  the  test  vaJue  of  the  nominal  strain. 
Subsequently,  various  solution  variables  for  tests  done  at 
nominal  strain  rates  of  1600  sec  '  and  1400  sec''  were 
compared  with  the  experimental  findings. 

Figure  2  depicts  the  growth  of  the  shear  strain  within  the 
band,  taken  here  to  be  the  strain  at  _y  =  0,  as  the  specimen 
deforms.  V/liereas  the  Litonski  law,  the  Power  law,  and  the 
Johnson-Cook  law  give  a  rapid  increase  in  the  local  strain 
once  a  shear  band  initiates,  the  Bodner-Partom  law  and  the 
Wright-Batra  dipolar  theory  give  general  trends  in  agreement 
with  the  experimental  data.  A  similar  conclusion  can  be 
drawn  from  the  results  plotted  in  Fig  3,  which  exhibits 
normalized  shear  strain  versus  the  normalized  shear  stress 
during  the  time  the  shear  stress  is  dropping.  Note  that  the 
abscissa  represents  a  nonuniformly  stretched  out  time  scale. 
The  baixl  width,  defined  as  the  width  of  the  region  over 
which  the  plastic  shear  strain  varies  by  no  more  than  5%  of 
its  value  at  the  center,  was  found  to  be  2  pm,  14  pm,  14  pm, 
6  pm,  and  51  pm,  respectively,  for  the  Litonski  law,  the 
Power  law,  the  Bodner-Partom  law,  the  Johnson-Cook  law. 
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FIG  4.  Evolution  of  the  plastic  strain-rate  at  the  band  center  for 
nonpolar  and  dipolar  materials. 


Material  CharactensM  Length 

FIG  5.  Dependence  of  the  band  width  upon  the  material  charac¬ 
teristic  length  /. 


aixl  the  Wright-Batra  dipolar  theory.  When  the  shear  stress 
at  the  specimen  center  had  dropped  to  66%  of  its  maximum 
value.  Marchand  and  Duffy  (1988)  found  the  band  width  to 
be  between  20  pm  and  55  pm  depending  upon  the  point  of 
observation  around  the  circumference  of  the  steel  tube. 
Marchand  and  Duffy  defined  the  band  width  to  be  the  width 
of  the  region,  surrounding  the  band  center,  over  which  the 
plastic  strain  remains  uniform. 

3.2  Effect  of  material  characteristic  length  1. 

Wright  and  Batra  (1987)  perturbed  the  homogeneous  solution 
for  the  simple  shearing  problem  by  introducing  a  temperature 
penurbation  just  before  the  shear  stress  attained  its  peak 
value  and  assumed  simple  expressions  for  the  constitutive 
fuiKtions/  and  g.  From  the  evolution  of  the  plastic  strain- 
rate  at  the  specimen  center  plotted  in  Fig  4,  it  is  clear  that  the 
consideration  of  dipolar  effects  delays  the  initiation  of  the 
shear  band.  The  shear  band  is  assumed  to  iniuale  when  the 
plasric  strain-rate  at  the  specimen  center  grows  rapidly.  Also 
the  strain-rate  increases  gradually  for  /  =  ICT^  but  quite 
rapidly  for  I  =  0.0.  The  dependence  of  the  band-width  upon 
/.  as  computed  by  Batra  and  Kim  (1988)  and  depicted  in  Fig 
5,  shows  that  the  band-width  increases  with  an  increase  in  the 
value  of  /. 

Zhang  and  Batra  (1992)  analyzed  the  stability  of  the 
homogeneous  solution  of  equations  (1)  through  (7)  and 
assumed  that  the  flux  of  lirtear  momentum  is  essentially  uni¬ 
form  in  the  spatial  variable  and  1  j,  y  |  <  F 1 0  1 ,  where  F  is 
defined  in  terms  of  the  material  variables.  They  showed  that 
an  increase  in  the  thermal  conductivity  and  the  material 
characteristic  length  has  a  stabilizing  effect,  and  an  increase 
in  the  block  height  has  a  destabilizing  effect  on  small 
perturbations  superimposed  on  the  homogeneous  solution. 
The  specific  heat  did  not  appear  in  the  stability  criterion. 

Batra  (1987)  studied  the  interaction  between  two  shear 
bands  and  found  that  the  bands  that  would  grow  independent¬ 
ly  in  simple  materials  (/  =  0.0)  coalesced  in  dipolar  materials 
even  when  the  material  characteristic  length  equalled  1/20  of 
the  distance  between  them  at  the  time  of  their  initiation. 
Kwon  and  Batra  (1988)  introduced  multiple  defects  by 
perturbing  t.he  uniform  temperature  within  the  block  when  the 
material  just  starts  deforming  plastically  to  that  given  by  a 
cosine  fimetion  which  assumes  relative  maximum  values  at 
several  points  in  the  block.  They  found  that  for  simple 
materials,  the  deformation  localized  at  points  where  the 
perturbed  temperature  had  relative  minima  for  %  =  500  sec  ' 
and  at  the  locations  of  the  relative  maxima  at  %  >  1000  sec"'. 
For  dipolar  materials  with  /  =  0.01,  the  deformation  localized 
near  the  block  boundaries  at  %  =  500  sec  '  and  at  the 
locations  of  the  relative  maxima  when  %  =  50,000  sec*'.  For 
both  simple  and  dipolar  materials  the  initiation  of  the 
localization  was  considerably  delayed  as  compared  to  that 
when  the  temperature  perturbation  had  only  one  maxima  at 
the  specimen  center. 

323  Unloading  wave  from  the  shear  band 

Wright  and  Walter  (1987)  found  that  for  thermally  softening 
and  strain-rate  hardening  materials  the  shear  stress  within  the 
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HG  6.  Distribution  of  the  shear  stress  and 
within  the  specimen  at  different  times  d|^g  the 
the  deformation  for  nonpolar  materials. 

at  intervals  of  0.1  ps  with  Curve  1  at  t  =  64.0  ps.  Curve  2  a^  t  _ 
64.1  ps,  etc;  the^  being  reckoned  &om  the  instant  of 

introducing  the  perturbation. 

band  dropped  precipitously.  Batra  and  Kim 
consid^^  effect  of  material  elasticity  and 
ing  and  modeled  the  material  by  the  Utonski  Qow  . 
nLr  computed  distribution  of  the  shear  J? 

particle  velocity  within  the  specimen  at  mter^s 
ofa  microsecond  starting  firom  the  instant  wh«m  the  def^^ 
tion  begins  to  localize  is  shown  in  Fig  6.  It «  de^^^ 
unloading  clastic  shear  wave  emanates  ^ 

restion  of  severe  deformation.  The  computed  speed,  3.178 
nXc,  of  this  wave  essentially  equals  the  analytical  value  of 

S^m^ec.  It  takes  0.807  ps  for  the  shear  wave  to  re^ 

the  outer  boundary  where  it  is  reflected  back  with  a  negative 

^^omputt^STdipolar  materials,  and  for  simple 
materials  but  using  the  other  four  flow  niles^d  ^  r^in 
the  emanation  of  an  unloading  elasuc  wave  from  ^ 
deformed  region.  Of  course,  no  such  wave  would  be  found 

if  the  inertia  forces  were  neglected. 
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3.4  Effect  of  thermal  conductivity 

Batra  and  Kim  (1991)  used  the  Litonski  law,  the  Bodner- 
Partom  law.  and  the  Johnson-Cook  law  to  model  the  vi^o- 
nlastic  response  of  the  material  and  computed  results  for  five 
namely.  0.  5.  50.  500.  and  ^  W/n."C  ot 
the  thermal  conductivity  k.  The  thickness  of  the  block  was 
assumed  to  vary  smoothly,  with  the  thickness  at  the  s^imen 
center  being  5%  smaller  than  that  at  the  boundary.  For  each 
of  these  three  constitutive  relations,  the  rates  of  evoluUon  of 
the  temperature  and  the  shear  strain  at  the  speamen  cent^ 
were  steepest  for  jt  =  0,  and  decreased  with  an  increase  m  the 
value  of  k.  The  computed  band-width  depends  upon  how  far 
the  localization  has  progressed,  or  how  much  the  she^  stre^ 
at  the  specimen  center  has  dropped.  This  is 
results^tted  in  Fg  7.  For  k  =  50  and  500  W/m 
band-width  seems  to  reach  a  stable  value  as  the  shear  stress 
within  the  band  drops.  For  k  =  5.000  -^8 

situation  developed  in  that  the  band-width  decreased  at  fet 
with  the  drop  in  the  shear  stress  at  the  specimen  ceriter, 
reached  a  plateau  at  -  0.85.  and  then  st^lo 

increase.  Here  r.  equals  the  average  shear  stress  m  the  bl^k. 
The  rate  of  change  of  the  band-width  with  respect  to  sjs^^ 
does  depend  upon  the  constitutive  relation  employed.  A 
niausible  explanation  for  this  computed  decrease  and  mcrease 
of  the  band-width  is  that  as  the  shear  stress  at  the  sp^un^ 
center  drops  and  the  plastic  strain-rate  increases  sharply,  the 
heat  generated  due  to  plastic  working  raises  the 
there  more  than  at  other  points  in  the  block- 
rate  of  heat  loss  to  outer  parts  of  the  block  is  less  than  the 
rate  of  heat  generation  at  the  specimen  center,  ^d  the 
temperature  there  rises,  making  the  material  there  soto  and 
thus  easier  to  deform.  As  the  temperature  gradiente  build  up. 

the  rale  of  heat  loss  increases,  more  of  the  material  surro^d- 

ing  the  specimen  center  is  he^  up  enough  so  as  to  deform 
severely  and  the  band-width  increases. 

The  plots  of  the  band-width  w  computed  when  VW 
equaUed  0.95.  0.90.  0.85.  0.80,  0.75,  and  0.70  ver^  (k) 

re>«aled  that  w  decreased  with  a  decrease  in  tte  v^iK  of  k, 

for  each  of  the  three  constitutive  relations  used,  and  ® 
relationship  between  w  and  {kf  was  not  linear  as  assert^  by 
Dodd  and  Bai  (1985).  The  Utonski  and  the  Johnsrm^ook 
now  rate  gave  ZOT  band-widlh  tor  t  =  0.  lot 
Panom  hw  gave  a  finile  value  of  die  baiuJ-widlli  for  t  -  0. 

33  Effect  of  initial  temperature 

Wang  et  al  (1988)  tested  titanium  alloy  TB2  (;n-8Cr-5  Mo- 
5V-3  AI)  specimens  in  compression  at  different 
Lntal  uin^htres  and  concluded 
adiabatic  shearing  increased  at  lower 

turns.  In  order  to  assess  the  effect  of  the  ira^ 

temperature  on  the  initiation  of  sheiff  band^ 

(1992)  assumed  the  dependence,  shown  m  Rg  8.  oi  me 
^ific  heat,  thermal  conductivity  and 

carbon  steel  upon  the  temperature. 
viLjplastic  response  of  the  material  by  the  Bodner-Pa^m 
now  nile  and  computed  results  for  six 
namely.  0o  =  83°K.  200°K.  3(X)°K,  343°K,  407°K,  and  423  K 
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of  the  initial  temperature.  The  specimen  thickn^  at  its 
center  was  taken  to  be  5%  smaller  than  that  at  its  edges. 
One  way  to  study  the  localization  of  the  deformation  is  to 
observe  at  different  instants  the  deformed  position  of  an 
initially  straight  line.  We  recaU  that  Marchand  and  Du^ 
(1988)  used  this  techruque  to  find  the  plastic  strain  at  a  point 
In  Fig.  9,  we  have  plotted  the  deformed  positions  of  an 
initially  Straight  line  at  sjs^^  =  1.0,  0.95,  0.85,  and  0.75. 
For  each  value  of  Gq  considered,  the  deformation  has  become 
nonhomogeneous  by  the  time  the  average  shear  stress  j, 
attains  its  peak  value  As  Gq  increases,  the  width  of  the 
central  severely  deformed  region  increases.  From  the  plots 
given  in  Fig  10  of  the  shear  strain  7^^  at  the  band  cento 
versus  the  average  strain,  it  is  clear  that  higher  initial 
temperatures  of  the  specimen  delay  the  initiation  of  the 
loc^ization  of  the  deformation. 

3.6  Effect  of  defect  size 

Batia  (1987)  studied  the  effect  of  different  temperature 
perturbations  on  the  initiation  and  growth  of  shear  bands  in 
a  material  obeying  the  Litonskd  law.  He  found  that  a  shear 
band  formed  sooner  with  an  increase  in  the  height  of  the 
temperature  perturbation.  Larger  temperature  perturb^ons 
the  shear  band  to  initiate  even  before  the  peak  in  the 
shear  stress-shear  strain  curve  was  reached.  iMso,  a  wider 
perturbation  resulted  in  the  shear  strain  localization  at  a  lower 
rate  as  compared  to  the  narrow  perturbation  of  the  same 
amplitude. 

Batra  and  Kim  (1992)  recently  studied  the  effect  of  the 
thickness  variation  on  the  development  of  shear  bands  in 
twelve  different  materials.  The  viscoplastic  response  of  each 


ntoerial  was  modeled  by  the  Johnson-Cook  lav/.  Figure  11 
depicts  the  localization  ratio  versus  log5  when  =  1.0 
and  0.85,  where  5  is  the  percentage  decrease  in  the  thickness 
of  the  specimen  at  the  cento  relative  to  that  at  its  edges,  ai^ 
the  localization  ratio  equals  the  maximum  shear  str^  within 
the  severely  deforming  region  divided  by  die  nominal  strain 
in  the  specimen.  The  localization  ratio  depends  strongly 
upon  log5;  larger  defects  result  in  more  severe  localization  of 
the  deformation  for  the  same  value  of  sjs^.  The  defect 
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HG  8.  Dependence  of  the  noo-diineasiooal  specific  heir,  thennal 

conductivity,  and  shear  modulus  upon  the  homologous  tempera¬ 
ture.  The  values  of  material  variables  are  scaled  so  as  to  equal 
1.0  at  the  room  temperature. 
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FIG  9.  Deformed  positions  of  an  initially  straight  line  at  sjs^ 

=  1.0,  0.95,  0.85,  and  0.75.  - Oo  “  83’^,  Og  =  200*K. 

0g  =  300*K,^-  Og  =  343'’K,  —  %  =  407'’K,  and  — —  0,  = 
SB-’K. 


size  affects  not  only  the  nominal  strain  when  a  shear  band 
initiates,  but  also  the  growth  of  the  shear  band.  The  homolo¬ 
gous  temperature,  defined  as  the  ratio  of  the  absolute  temper¬ 
ature  of  a  material  point  to  the  melting  temperature  of  the 
material,  versus  log5  plots  in  Rgs  12a  and  12b  reveal  that  the 
homologous  temperature  is  essentially  independent  of  the 
defect  size  at  =  1.0  and  0.85.  Note  that  the  vertical 

scales  in  these  figures  are  such  that  small  differences  in  the 
values  of  the  homologous  temperatures  are  gready  exaggerat¬ 
ed. 
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FIG  10.  Evolution  of  plastic  strain  within  the  band  for  different 
values  of  the  initial  temperature.  See  Fig  9  for  legends  to 
curves. 


3.7  Effect  of  inertia  forces 

Figure  13  exhibits  the  evolution  of  the  plastic  strain-rate  at 
the  specimen  center  with  and  without  the  consideration  of 
inertia  forces.  In  order  to  disregard  the  effect  of  inertia 
forces,  the  value  of  a  in  Eq  (1)  was  reduced  by  a  factor  of 
10^.  It  is  clear  that  the  consideration  of  inertia  forces  delays 
the  initialion  of  the  shear  band  when  the  material  is  modeled 
by  the  Bodner-Partom  flow  rule.  Similar  results  were 
obtained  for  the  other  four  flow  rules  stated  in  Sec  3.1.  Batia 
(1988)  studied  the  shear  banding  problem  for  %  =  50  s'‘,  500 
s'‘,  5,000  s'*,  and  50,000  s‘‘,  and  concluded  that  inertia 
forces  start  playing  a  significant  role  Bt%-  5,000  s  Since 
only  discrete  values  of  %  were  consktered,  this  conclusion  is 
tenuous.  For  a  quastistatic  {xoblem,  no  unloading  wave  will 
emanate  outwards  fiom  the  severely  deformed  region. 

3.8  EHect  of  mass  matrix 

In  the  aforestalcd  results,  we  used  a  consistent  mass  matrix 
in  the  discrete  fonnulalion  of  the  problem.  Figure  14  shows 
the  effect  of  different  mass  matrices  on  the  evolution  of  the 
plastic  strain-rate  at  the  specimen  center.  For  beam  bending 
problems,  the  higher-order  (average)  mass  matrix  accelerates 
the  rate  of  convergence  of  the  solution.  This  can  not  be 
verified  for  the  present  problem  since  the  analytical  solution 
is  not  known. 

3.9  Shear  bands  in  a  bimetallic  body 

Balra  and  Kwon  (1989)  studied  the  phenomenon  of  shear 
banding  in  a  bimetallic  body.  The  domains  [-1,0)  and  (0.1] 
were  assumed  to  be  made  of  different  materials  and  a 
temperature  perturbation  symmetric  tibouty  =  0  was  consid¬ 
ered.  For  a  fixed  set  of  material  properties,  the  effect  of  Ae 

applied  average  strain-rate;  and  for  a  given  prescribed  strain- 
rale,  the  effect  of  varying  the  dicar  modulus,  thcimal 
conductivity,  and  the  coefficient  of  thermal  softening  of  one 
matoial  relative  to  the  other  were  examined.  It  was  found 
that  a  shear  band  formed  in  the  material  that  softened  more 
readily. 
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Balra;  Shear  bands  in  viscoplastic  matenals 

(a) 


Si 


When  Shear  Stress  reaches  Maximum. 


When  Shear  Stress  reaches  Maximum. 


Thickness  Variation  -  logiS 


When  Shear  Stress  drops  to  85  %  of  Max.  S. 


When  Shear  Stress  drcps  to  85  %  of  Max.  S. 


(b) 


FIG  1 1.  Dependence  of  the  local¬ 
ization  ratio  upon  the  defect  size 

for  (a)  sJs _ =  li)  and  (b) 

=  O.M.  (1  -  Copper.  2  -  Camidge 
brass,  3  -  Nickel  200,  4  -  Armco 
IF  iron,  5  -  Carpenter  electric  iron, 
6  -  1006  steel,  7  -  2024  almninutn, 
8  -  7039  aluminmn,  9  -  low  alloy 
steel,  0  -  S-7  tool  steel,  A  -  Tung¬ 
sten  alloy.  B  -  Depleted  Uranium). 


4.  CONCLUSIONS 

We  have  suminarized  some  of  our  results  on  the  initiation 
and  growth  of  shear  bands  in  a  thermally  softening  elastic- 
viscoplastic  body  undergoing  overall  simple  shearing  defor¬ 
mations.  It  is  unrealistic  to  expect  a  good  agreement  between 
the  computed  results  and  the  experimental  findings  since  we 
have  studied  a  one-dimensional  problem  and  most  test 
configurations  require  analysis  of  either  two-  or  three- 
dimensional  problems.  One  of  the  unresolved  issues  is 
finding  a  suitable  constitutive  model  valid  for  high  tempera¬ 
tures  and  strain-rates  found  in  a  shear  band. 
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When  Shear  Stress  drops  to  85  %  of  Max.  S.  When  Shear  Stress  drops  to  85  %  of  Max.  S. 


(b) 


FIG  12.  Elependence  of  the  homol¬ 
ogous  temperature  at  the  band 
center  upon  the  defect  size  for  (a) 

(Sec  Fig  11  capdoo  for  explana¬ 
tions.) 
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An  adaptive  mesh  refinement  technique  for  the  analysis  of  shear  bands 
in  plane  strain  compression  of  a  thermoviscoplastic  solid 
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Department  of  Mechanical  and  Aerospace  Engineering  and  Engineering  Mechanics,  University  of  Missouri  Rolla,  Rolla, 
MO  65401-0249,  USA 


Abstract.  We  have  developed  an  adaptive  mesh  refinement  technique  that  generates  elements  such  that  the  integral  of  the 
second  invariant  of  the  deviatoric  strain-rate  tensor  over  an  element  is  nearly  the  same  for  all  elements  in  the  mesh.  It  is  shown 
that  the  finite  element  meshes  so  generated  are  effective  in  resolving  shear  bands,  which  are  narrow  regions  of  intense  plastic 
deformation  that  form  in  high  strain-rate  deformation  of  thermally  softening  viscoplastic  materials.  Here  we  assume  that  the 
body  is  deformed  in  plane  strain  compression  at  a  nominal  strain-rate  of  5000  sec  ‘.and  model  a  material  defect  by  introducing 
a  temperature  perturbation  at  the  center  of  the  block. 


1  Introduction 

In  nearly  all  of  the  previous  numerical  studies  of  shear  bands  in  two-dimensional  problems 
involving  a  viscoplastic  material  (e.g.,  see  Needleman  1989;  Batra  and  Liu  1989,  Batra  and 
Zhu  1991),  a  fixed  finite  element  mesh  has  been  used.  Since  shear  bands  are  narrow  regions  of 
intense  plastic  deformation,  their  satisfactory  resolution  requires  either  a  very  fine  mesh  through¬ 
out  the  computational  domain,  in  which  case  the  solution  in  most  of  the  domain  outside  the  shear 
band  is  overcomputed,  or  an  adaptively  refined  mesh  that  concentrates  more  elements  in  the 
severely  deforming  region  and  fewer  elements  outside  of  it.  Batra  and  Kim  (1990)  developed  an 
adaptive  mesh  refinement  technique  for  the  analysis  of  one-dimensional  shear  banding  problems 
by  ensuring  that  the  scaled  residuals  of  the  equations  expressing  the  balan^  of  linear  momentum 
and  the  balance  of  internal  energy  were  uniformly  distributed.  They  subdivided  elements  having 
large  scaled  residuals  and  observed  that  high  values  of  the  scaled  residuals  occurred,  in  general, 
in  non-overlapping  regions.  Their  technique  did  not  combine  elements  with  low  values  of  the 
scaled  residuals,  and  for  this  reason  did  not  result  in  an  optimum  mesh.  We  make  no  attempt  to 
review  all  of  the  literature  on  adaptive  mesh  refinement  and  two-dimensional  adiabatic  shear 
banding  problems.  For  the  former,  we  refer  the  reader  to  Safjan  et  al.  (1991)  and  Zienkiewicz  and 
Zhu  (1991),  and  for  the  latter  to  Batra  and  Zhu  (1991). 


2  Formulation  of  the  problem 

We  use  a  fixed  set  of  rectangular  Cartesian  coordinates  with  origin  at  the  centroid  of  a  square 
block  (cf.  Fig.  1)  to  analyze  its  plane  strain  thermomechanical  deformations.  We  assume  that  the 
block  is  made  of  a  thermally  softening  viscoplastic  material.  In  terms  of  the  referential  description, 
governing  equations  are: 

{pJ)  =0,  Po^~  Qa.a  d*  (  ) 

where 

J  =  detFi„,  X;^^  =  dXil8X^,  W 

.X;  is  the  present  location  of  a  material  particle  that  occupied  place  X  the  reference  configuration. 
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Fig.  1.  A  schematic  sketch  of  the  problem  studied 


o  its  nresent  mass  density,  Po  its  mass  density  in  the  reference  configuration,  u,-  its  present  velocity, 
r  the  fi“t  Ma-Kirchoff  stress  tensor,  0.  the  heat  flux  per  un.t  refcrenee  area  a  the  spectllc 
enemy  a  superimposed  dot  indicates  the  matenal  time  derivative,  and  a  repeated  index  implies 
summation  over  the  range  of  the  index.  For  the  constitutive  relations  we  take 


\pQ 


2/i  =  — (i  +  wni-vfl) 


2D,j  =  v,j- 


•^1.0 


21^  =  D^jD^j, 


■  2^kk^ij 


Q^  =  —X^jqj, 

P 


Pi- 


-kOj 


(5.1. 5.2) 

(6) 

(7.1-7.3) 

(8.1. 8.2) 

(9) 


e  =  ce  +  B(^-l)--^- 

\Po  APoP)  .  ,  . 

Here  cr  is  the  Cauchy  stress  tensor,  B  may  be  thought  of  as  the  bulk  modulus  for  the  rnaterial  of 
Se  bloik  D  is  the  strain-rate  tensor,  cTp  the  yield  stress  of  the  matenal  in  a  quasistatic  simple 
teiioro^  compression  test,  parameters  b  and  m  characterize  the  strain-rate  sensitivity  of  the 
material  I  is  the  second  invariant  of  the  deviatonc  strain-rate  tensor  D,v  is  the  coefiiciem  o 
thermal  softening,  k  equals  the  thermal  conductivity  of  the  matenal,  c  the  specific  heat,  and  9  e 

''Te'lim^dtVno^XSoStriables,  indica.ed  below  by  a  superimposed  bar,  as  foEows. 

f=t7o,  r=//7o.  b  =  byo,  P  =  p/Po.  T  =  T/(To, 

B  =  v-  =  v0„  9  =  919,,  v  =  vlvo,  x  =  x/H,  X=X/H,  (10a) 

<5  =  Po^l/^o,  ^  =  k/ipoCv^H), 

where 

(10b) 

9,  =  UqKpqC),  Vo  —  ^o/“' 

In  Ea  (10)  2H  is  the  height  of  the  square  block,  9,  the  reference  temperature  tio  is  the  steady  value 
of  the  veloJS  apSied  to  the  top  and  bottom  surfaces  in  the  x,uiirect.on,  and  y,  equals  the  average 
aoolied  strain-raW  Henceforth  we  use  non.dimensional  vanables  and  drop  the  superimposed  bam 
^e"  pr«uTth?t  the  deformations  of  the  block  are  symmetrical  about  the  honzontal  and  vertical 
centroidal  axes,  and  study  the  deformations  of  the  material  m  the  first  quadran  . 

For  the  boundary  conditions  we  take 

u  =0,  ri2  =  0,  Q2  =  0  on  X2  =  X2=0, 

(11  2) 

ui=0,  T2i  =  0,  Qi  =  0  on  Xi=Xi=0, 
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r,,=0.  7,1  =0.  (2.=0  on  .V,  =  H. 

r.  =  -/i(r).  ri;=0.  (22='^  on  X.  =  H.  (0.4) 

The  boundarv  conditions  (11)  signify  that  the  boundaries  of  the  block  are  insulated,  the  right 
surface  is  traction  free,  there  is  no'tangential  traction  acting  on  the  top  surface,  and  the  top  surface 
moves  downward  at  a  prescribed  speed  h{t).  The  boundary  conditions  i  1 1.1)  and  (1 1.2)  follow  from 
the  assumed  symmetry  of  deformations  about  the  A",  and  AT,  axes. 

For  the  initial  conditions  we  take 

p(x,0)=i,  ui(x,0)  =  0.37.xi,  t;2(j:,0)= -x.,  (12.1-12.3) 

0(.r,O)  =  O.2{l r-  =  A:jT.Y^.  (12.4,12.5) 

The  initial  conditions  on  the  velocity  field  represent  the  situation  when  the  transients  have  died 
out.  Batra  and  Liu  (1989)  found  this  velocity  field  by  taking 

h{t)  =  t/0.005,  0  ^  t  ^  0.005, 

=  1,  0.005, 

assuming  that  the  initial  temperature  distribution  is  uniform,  and  computing  the  solution  till  the 
steady  state  had  been  reached.  The  changes  in  the  mass  density  and  the  computed  temperature 
rise  were  found  to  be  insignificant  to  justify  assuming  that  the  initial  mass  density  is  uniform.  The 
assumptions  (12.2)  and  (12.3)  result  in  a  smaller  value  of  the  CPU  time  needed  to  analyze  the 
problem  and  do  not  affect  the  qualitative  nature  of  the  results.  The  initial  temperature  distribution 
given  by  (12.4)  models  a  material  inhomogeneity;  the  amplitude  of  the  perturbation  can  be  thought 

of  as  representing  the  strength  of  the  singularity. 

Equations  ol7tained  by  combining  (1)  through  (9)  are  to  be  solved  under  the  side  conditions 
(11)  and  (12).  Since  these  coupled  equations  are  highly  nonlinear,  it  is  not  clear  whether  or  not 
they  have  a  unique  solution.  Here  we  find  their  approximate  solution  by  first  reducing  the  partial 
differential  equations  to  a  set  of  coupled,  nonlinear,  and  ordinary  stiff  differential  equations  by 
using  the  Galerkin  approximation.  The  number  of  these  equations  equals  four  times  the  number 
of  nodes  in  the  finite  element  discretization  of  the  domain.  We  use  three-noded  isoparametnc 
triangular  elements  and  the  lumped  mass  matrix  obtained  by  the  row-sum  technique.  These  stiff 
ordinary  differential  equations  are  integrated  with  respect  to  time  by  using  the  backward  difference 
Adam’s  method  included  in  the  subroutine  LSODE  (e.g.,  see  Hindmarsh  1971).  We  could  not  use 
the  Gear  method  because  of  the  limited  core  storage  available  to  us.  The  computer  code  developed 
by  Batra  and  Liu  (1989)  was  suitably  modified  to  solve  the  present  problem. 


3  Adaptive  mesh  refinement  technique 


We  first  select  a  coarse  mesh  and  find  a  solution  of  the  aforestated  problem.  This  mesh  is  refined 
so  that 

a,=  j  Idn,  e=l,2,...,n,„ 

12. 

is  nearly  the  same  for  each  element  In  (13),  equals  the  number  of  elements  in  the  coarse 
mesh  and  42^  is  one  of  the  elements.  Since  one  may  not  have  an  idea  where  the  solution  will  exhibit 
sharp  gradients,  we  choose  the  coarse  mesh  to  be  uniform.  The  motivation  behind  making  the 
same  over  each  element  Q,  is  that  within  the  region  of  localization  of  the  deformation  values  of  i 
are  very  high  as  compared  to  those  in  the  remaining  region.  Other  variables  such  as  the  temperature 
rise,  the  maximum  principal  strain,  and  the  equivalent  strain  which  are  also  quite  large  within  me 
band  will  be  suitable  replacements  for  I  in  Eq.  (13).  The  refined  mesh  will  depend  upon  the  vanable 
used  in  Eq.  (13).  In  order  to  refine  the  mesh,  we  find 


1  n«.i 

neie=l 


1 

and  =  —  X 
N,e=l 


n  =  l,2. 


fhd- 


(14-17) 
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Here  Ji  is  the  size  of  the  element  Q,  in  the  coarse  mesh.  equals  the  number  of  elements  meeting 
a.Tode  “  and  equals  the  number  of  nodes  ,n  the  coarse  mesh^  W  e  refer  to  H.  as  the  nodal 

''^rorde^o  generate  the  new  mesh,  we  ftrst  discretize  the  boundary  by  following  *=  Pronedure 
aiven  bv  Cescotto  and  Zhou  (1989).  Let  AB  be  a  segment  of  the  contour  to  be  discretized  s  the 
arc  length  measured  from  point  A,  and  and  be  nodal  element  sizes  for  nodes  located  at 
points  A  and  B,  respectively.  From  a  knowledge  of  the  values  of  H  at  discrete  points,  correspondm 
to  the  nodes  in  the  coarse  mesh,  on  AB  we  define  a  piecewise  linear  continuous  function  H{s)  that 
takes  the  previously  computed  values  at  the  node  points.  In  order  to  discretize  AB  for  the  new 
mesh  we  Lrt  from  point  A  if  <  Hg;  otherwise  we  start  from  B.  For  the  sake  of  discus^on, 
let  us’assume  that  A  is  the  starting  point.  We  first  find  temporary  positions  of  nodes  on  ^he  s 
AB  by  using  the  following  recursive  procedure.  Assume  that  points  l,2,...,k  have  been  found. 
Then  the  temporary  location  of  point  {k  +  1)  is  given  by 

(18) 


+  1  =  +  4[Ff(Sfc) 


where 


(19) 


5,%i=Sfc  +  H(sJ.  -LA 

Referrin<^  to  Fig.  2  the  above  procedure  will  give  rise  to  the  following  four  alternatives:  a  -  b  , 
a<b  a>b  a  =  b  U  a  =  b  =  0,  then  the  temporary  locations  of  node  points  are  their  final 
Dositions  Depending  upon  whether  a<b  or  b^  a,  ths  node  points  2  to  p  or  2  to  p  +  1  are  mov^d- 
fhe  SaceS  of  a  node  being  proportional  to  the  value  of  H  there  so  that  either  node  p  or 
node  (p  +  1)  coincides  with  B.  This  determines  the  final  positions  of  nodes  on  the  segment  AB. 

H^ing  discretized  the  boundary,  we  use  the  concept  of  advancing  front  (e.g.,  see  Lo  1980, 
Peraire  eAl.  1987,  1988;  Habraken  and  Cescotto  1990)  to  generate  the  elements.  An  advancing 
front  consists  of  straight  line  segments  which  are  available  to  form  a  side  of  an  element.  Thus, 
start  with  it  consists  of  the  discretized  boundary.  We  choose  the  smallest  line  segmen^say  si 
AB)  connecting  the  two  adjoining  nodes,  and  determine  the  nodal  element  size  Hm  -  H(  m) 
(Ha  +  Hb)/2  at  the  midpoint  M  of  AB.  We  set 


0.8  AB  if  Hm  <  0.8  AB, 

Hm  if  0.8AB^Hm^1-4AB, 
1.4  AB  if  1.4AB<Hm, 


(20) 


and  find  point  C.  at  a  distance  d  from  A  and  B  (cf.  Fig.  3).  Here  AB  equals of  sgment 
AB.  We  search  for  all  nodes  on  the  active  front  that  he  inside  the  circle  with  cent  , 


^ ^ ^ ^ 
1  2  3  4  ^  ^*1 


P _ B 


Fig.  2.  Discretization  of  a  boundary  segment  for  mesh  refinement 


Fig.  3.  Advancing  front  and  new  element  generation 
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radius  S.  and  order  them  according  to  their  distance  from  Ci  with  the  first  node  in  the  list  being 
closest  to  Cl-  At  the  end  of  this  list  are  added  points  Cj,  C,,  C3,  Cj.,  and  C,,  which  lie  on  CiM 
and  divide  it  into  five  equal  parts.  We  next  determine  the  first  point  C  in  the  list  that  satislies  the 
following  three  conditions. 

(i)  Area  of  triangle  ABC  >  0. 

(ii)  Sides  AC  and  BC  do  not  cut  any  of  the  existing  sides  in  the  front. 

(iii)  If  any  of  the  points  Cj,  C2, . . . ,  C5  is  chosen,  that  point  is  not  too  close  to  the  front. 

The  triangle  ABC  is  an  element  in  the  new  mesh.  If  C  is  one  of  the  points  Cj, Ci, .  •  • ,  C5,  then  a 
new  node  is  also  created.  The  advancing  front  is  updated  by  removing  the  line  segment  AB  from 
it,  and  adding  line  segments  AC  and  CB  to  it.  The  element  generation  process  ceases  when  there 
is  no  side  left  in  the  active  front. 

We  determine  the  values  of  solution  variables  at  a  newly  created  node  by  first  finding  out  to 
which  element  in  the  coarse  mesh  this  node  belongs,  and  then  finding  values  of  solution  variables 
at  this  node  by  interpolation.  This  process  and  that  of  searching  for  line  segments  and  points  in 
the  aforestated  element  generation  technique  consume  a  considerable  amount  of  CPU  time.  These 
operations  are  optimized  to  some  extent  by  using  the  heap  list  algorithm  (e.g.,  see  Lohner,  1988) 
for  deleting  and  inserting  new  line  segments,  and  quadtree  structures  and  linked  lists  for  searching 
line  segments  and  points  and  also  for  the  interpolation  of  solution  variables  at  the  newly  created 
nodes. 


4  Results  and  discussion 

We  assume  that  the  block  is  made  of  a  typical  steel  and  assign  the  following  values,  also  used  by 
Batra  and  Liu  (1989),  to  various  parameters. 

6=  10,000 sec,  CTo-333MPa,  k  =  49.2  Wm~^ ?n  =  0.025,  c  =  473  Jkg"  ‘  °C~  \ 

Po  =  7,800  kg/m^,  B  =  128GPa,  (21) 

v  =  0.0222  t;o  =  25  msec's  H  =  5mm,  /i(r)  =  1.0. 

Here  we  have  made  an  exception  to  our  notation  and  indicated  dimensional  quantities  to  clarify 
the  units  used.  As  stated  earlier,  the  transients  are  assumed  to  have  died  out,  the  top  surface  moves 
downward  with  the  prescribed  speed  Vq,  and  the  average  strain-rate  at  which  the  block  is  being 
deformed  equals  5000 sec"  S  For  values  given  in  (21),  0,.  =  89.6'’C,  and  the  non-dimensional 
melting  temperature  equals  0.5027.  We  note  that  the  value  of  the  thermal  softening  coefficient  v 
has  been  purposely  taken  to  be  high  so  as  to  reduce  the  computational  time.  It  should  not  affect 
the  qualitative  nature  of  the  results  reported  herein.  The  test  data  to  find  values  of  material 
parameters  at  strain-rates,  strains,  and  temperatures  likely  to  occur  m  a  shear  band  is  not  available. 

Figure  4  depicts  the  initial  coarse  mesh  at  time  t  =  0,  and  the  generated  refined  meshes  at 
non-dimensional  time  t  =  0.025,  0.040,  and  0.047.  We  note  that  the  non-dimensional  time  also 
equals  the  average  strain.  In  the  solution  of  the  problem,  the  mesh  was  also  adaptively  refined  at 
r  =  0.015,  0.030,  and  0.035;  however,  these  are  not  shown  here  for  the  sake  of  brevity.  The  times 
at  which  the  mesh  is  refined  were  selected  manually,  and  are  to  some  degree  arbitrary.  A  possible 
criterion  could  be  to  refine  the  mesh  when  the  second  invariant  of  the  strain-rate  tensor  or  the 
temperature  at  the  center  has  risen  by  a  certain  amount.  The  meshes  shown  in  Fig.  4  vividly  reveal 
that  the  refinement  technique  outlined  in  Sect  3  gives  rise  to  nonuniform  meshes  with  finer  mesh 
in  the  severely  deforming  region  and  coarse  mesh  elsewhere.  We  did  not  impose  any  restriction 
on  the  number  of  new  nodes  that  can  be  introduced  when  the  mesh  is  refined.  Practical  considera¬ 
tions  such  as  the  core  storage  available  may  require  this  kind  of  restriction. 

In  Fig.  5  we  have  plotted  the  contours  of  the  second  invariant  I  of  the  deviatoric  strain-rate 
tensor  at  t  =  0.019, 0.032, 0.042,  and  0.047  in  the  deformed  configuration.  These  plots  suggest  that 
as  the  block  continues  to  be  deformed,  the  deformation  localizes  into  a  band  whose  width  keeps 
on  decreasing.  Contours  of  successively  increasing  values  of  I  originate  from  the  center  of  the  block 
and  propagate  outward.  The  contours  of  the  temperature  rise  at  t  =  0.019,  0.032, 0.042,  and  0.047 


34 


CompuiciUonai  Mechanics  H)|1992) 


Fig.  4  a-d.  Finite  element  meshea  at  a  t  =  0,0,  b  t  =  0.025,  c  t  =  0.040,  and  d  t  =  0.047 


are  exhibited  in  Fig,  6.  The  dielribudoa  of  "  d  W  SV^aUhl 

IS  shown  in  Fig.  7.  These  plots  support  Tresca  s  (1878)  and  Massey  s  (ly  I 

tangential  velocity  is  discontinuous  across  acrSs  the  shear  band 

[e?d'cS“c”o=heS"  o™e«ia,  ve^lL/across  the  shear  band.  The  plot  of  the 
effective  stress  s^,  defined  as 

5  =  /I{1  -  ve)(l  +  b/r, 

Fig.  8  reveals  that  s.  drops  considerably 
are  in  qualitative  agreement  with  Batra  and  L™  M 1989)  results  ex^ 
herein  are  sharper  in  the  sense  that  the  region  o  locrdiaed  defor^uo^is  consm  y 
and  the  computed  values  of  I  for  the  same  f  *77  tensor  and  the 

respectively,  the  f  "‘“”(1*45  Batra  and  Liu  (1989)  found  =  21.  Here,  we  get 

“.?=  9Tfor  *?same  vare  rf’sl  We  note  that  Batra  and  Liu  (1989)  used  9-noded  quadnlateral 

elements  and  employed  a  fixed  16  x  16  mesh.  comouted  results  obtained  by  using 

ad*ap»r‘-i?:^S^ 

ro?/,  9>-n.s  and  441  nodes  at ,  =  0 
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Fig.  5a-<l.  Contours  of  the  second  invariant  of  the  deviatoric  strain-rate  tensor  at  a 
r  =  0.047 


=  0.019,  b  I  =  0.032,  c  t  =  0.042,  and  d 


two  fixed  meshes  with  441  and  841  nod  ,  P  localize  the  temperature  rise  and  its  rate 

is  misleading.  Also  after  the  deformation  has  started  to  loeate.  the 

i„s>spiteofthesharpmcre^m  he vateof/mdic^^tW^^^^^ 

co'effldenT r-lL  increasing  the  value  of  nondimensional  I  from  10  to  100  changes 

the  imlue  of  ( 1  +  »)*  n,,  approximate  soliition  caused  by  refining  the  mesh. 

K5E%tsa“5?EiriSS= 


gii,  ii)  =  a^  +  brj  +  c. 


(23) 
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Fig.  9a-c.  Comparison  of  the  evolution  of  the  a  second  invariant 
of  the  deviatoric  strain-rate  tensor,  b  effective  stress,  and  c  tem¬ 
perature  rise  at  the  block  center  computed  with  three  different 
meshes,  namely,  a  fixed  mesh  with  441  nodes,  a  fixed  mesh  with 
841  nodes,  and  an  adaptively  refined  mesh  with  uniform  elements 
and  441  nodes  at  t  =  0  and  non-uniform  elements  with  1200  nodes 
at  £  =  0.047 


where  and  n  are  area  coordinates  of  a  point,  and  constants  a,  b,  and  c  are  determined  from  the 
values  of  g  at  three  quadrature  points  located  within  the  triangular  element.  From  (23)  we  can 
evaluate  /at  the  vertices  of  the  triangle.  Then  the  value  of  the  smoothened  solution  at  a  node 

n  is  given  by 

*  1  ^  (24) 

9n=—  L^9n, 

where  N  equals  the  number  of  elements  sharing  the  node  n,  and  the  summation  sign  on  the 
ri^t-h/nd  side  implies  the  sum  of  the  values  of  g  at  node  n  evaluated  for 
at  that  node  Knowing  g*  at  each  node,  we  can  interpolate  its  value  at  any  other  point  by  us  g 
Se  finite  elements 'unctions.  We  define  the  percentage  error  i,  in  the  deviatonc  strain-rate 

tensor  D  by  the  relation 


;  +  IID 


1/2 


X  100, 


(25) 
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i  Fig.  10.  Comparison  of  the  error  in  the  computed  approximate  solu- 

_ _ 3  tion  and  the  higher-order  approximate  solution  for  three  different 

0.05  meshes;  fixed  mesh  with  441  nodes,  fixed  mesh  with  841  nodes,  and 
an  adaptively  refined  mesh 


where 


S.i 


(26.1,26.2) 


e  =  D-D*,  \\e\\l=  £  |  e^edA 

e=  1  Ai 

and  N  ,  equals  the  number  of  elements  in  the  mesh.  The  plot  of  the  percentage  error  ??  in  Fig.  10 
for  the'three  meshes  shows  that  the  error  is  lower  for  the  approximate  solution  obtained  by  using 
the  adaptively  refined  mesh  as  compared  to  the  other  two  meshes.  That  the  error  measure  is  ra  er 
crude  is  indicated  by  the  slightly  larger  errors  obtained  with  a  fixed  mesh  of  841  nodes  as  compared 
to  that  with  441  nodes.  It  could  be  due  to  the  larger  errors  caused  by  smoothenmg  out  of  he 
approximate  solution  with  841  nodes  since  the  band  in  this  case  is  more  intense  than  that  for  the 

mesh  with  441  nodes. 


5  Conclusions 

We  have  used  adaptively  refined  meshes  to  study  the  initiation  and  growth  of  shear  bands  in  a 
square  block  made  of  a  viscoplastic  material.  The  mesh  is  refined  at  vanous  times  to  ensure  tha 
the  integral  of  the  second  invariant  of  the  deviatoric  strain-rate  tensor  over  each  element  is  nearly 
the  same  for  all  elements  in  the  mesh.  It  generates  a  non-umform  mesh  with  small  elements  m 
regions  where  the  strain-rate  is  high  and  large  elements  elsewhere  It  is  shown  that  such  meshes 
are  quite  effective  in  analyzing  problems  in  which  the  deformabon  localizes  into  narrow  bands  o 
intense  plastic  deformation.  A  comparison  of  the  computed  solution  with  a  higher-order  approxi¬ 
mate  solution  reveals  that  the  use  of  the  adaptively  refined  meshes  leads  to  lower  error  in  the 
approximate  solution  as  compared  to  that  obtained  with  a  fixed  mesh.  For  the  problem  stud  ed 
herein,  the  band  forms  in  about  two  microseconds,  and  at  a  homologous^temperature  of  0.99  at  the 
specimen  center,  the  maximum  strain-rate  there  equals  4.65  x  10  sec  . 
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Consideration  of  Phase 
Transformations  in  the  Study  of 
Shear  Bands  in  a  Dynamically 
Loaded  Steel  Block 


We  study  plane  strain  thermomechanical  deformations  of  a  square  block  made  of 
steel  and  model  a  material  defect  in  it  by  a  rigid  non-heat-conductmg  ellipsoidal 
incision  located  at  the  center  of  the  block.  The  boundaries  of  the  block  are  presumed 
to  be  thermally  insulated,  and  its  top  and  bottom  surfaces  compre^  vertically  at 
a  prescribed  rate.  The  loading  pulse  is  assumed  to  be  made  up  of  three  an 

initial  segment  in  ^hich  the  speed  increases  from  zero  to  the  steady  value,  the  steady 
part  and  the  third  part  in  which  the  speed  decreases  gradually  to  zero  and  is 
maintained  at  zero  subsequently.  In  the  undeformed  state,  the  specimen  is  turned 
to  be  fully  annealed,  isotropic,  and  its  microstructure  to  be  a  mixture  of  coarse 
ferrite  and  cementite.  A  material  point  is  presumed  to  start  transforming  into  aus¬ 
tenite  once  its  temperature  exceeds  the  transformation  temperature:  the  rate  of 
transformation  is  controlled  by  a  simple  kinetic  equation.  Proper  aca^nt  is  taken 
of  the  latent  heat  required  for  the  transformation,  the  associated  volume  clmnge, 
and  the  variation  in  the  thermophysical  properties.  The  complete 
problem  is  analyzed  during  the  loading  and  unloading  phase  till  aU  of  the  body 
points  have  essentiaUy  come  to  rest,  and  the  energy  equation  is  solved  subsequently. 
It  is  found  that  the  austenite  is  quenched  rapidly  enough  by  the  surrounding  nuitena 
for  it  to  be  converted  into  martensite  rather  than  pearlite  or  a  mbcture  of  pearlite 
and  martensite. 


IntroductioD 

Shear  bands  in  a  dynamically  loaded  metal  block  often  occur 
when  softening  caused  by  the  heating  of  the  material  exceeds 
the  combined  effects  of  strain  and  strain-rate  hardening,  and 
generally  precede  shear  fractures.  These  bands  have  been  ob¬ 
served  by  Tresca  (1878)  and  Massey  (1921),  who  called  them 
hot  lines.  Zener  and  HoUomon  (1944)  me^red  32  /im  wide 
shear  bands  during  the  punching  of  a  hole  in  a  steel  plate,  and 
stated  that  some  of  the  region  within  the  band  etched  white, 
thereby  suggesting  the  presence  of  martensite  within  the  band. 
Roger  (1979),  in  his  review  article,  has  alluded  to  siimlar  ob¬ 
servations  and  hypothesized  that  hot  material  within  the  ba^ 
is  quenched  fast  enough  by  the  surrounding  colder  mate^ 
that  austenite  within  the  band  is  transformed  into  martensite. 
Lindholm  and  Johnson  (1983)  have  reported  on  the  presence 
of  martensite  within  a  shear  band  formed  in  AMS6418  st^ 
Giovanola  (1988)  has  measured  temperatures  close  to  llOO'C 
in  shear  bands  formed  in  4340  VAR  (vacuum  arc  remelted) 
steel,  which  is  well  above  the  transformation  temperature  of 
ferrite  and  cementite  into  austenite.  Wingrove  (1971),  based 
on  electron  microscopic  observations,  concluded  that,  indeed, 
transformation  into  martensite  occurred  within  the  band. 


Coniribuied  by  the  Maierials  Division  for  publication  in  the  Jouknal  of 
EsasEEiuxc  Maieiuals  a.sd  Technoiocy.  Manuscript  received  by  the  Mate¬ 
rials  Dirision  Februaiy  24.  1992;  revised  manuscript  received  Match  22.  1992. 
Associate  Technical  Editor:  D,  Hui. 


We  note  that  pre'ious  analytical  and  numerical  works  (e.g., 
see  Zhu  and  Batra  ( 1990)  for  a  list  of  references)  on  the  a^ysis 
of  shear  bands  in  a  dynamically  loaded  steel  block  did  not 
consider  the  possibility  of  phase  transformations.  Here  we 
postulate  rather  simple  kinetic  equations  for  the  transforma¬ 
tion  of  the  mixture  of  ferrite  and  cementite  into  austenite 
during  heatine,  and  from  austenite  to  martensite  or  pearlite 
during  cooline.  It  is  shown  that  the  material  within  tte  band 
is  indeed  cooled  fast  enough  by  the  surrounding  material  that 
the  austenite  is  transformed  into  martensite,  and  the  total  time 
taken  from  die  beginning  of  the  loading  phase  to  the  cooUng 
of  the  body  to  a  nearly  uniform  temperature  equals  150  mil¬ 
liseconds. 

Formulation  of  the  Problem 
We  use  a  ftted  set  of  rectangular  Cartesian  coordinates  with 
origin  at  the  centroid  of  the  square  block  (cf.  Fig.  1)  to  analyze 
its  plane  strain  thennomechanical  deformations.  We  assume 
yhgf  rhe  block  is  made  of  steel,  and  in  the  stress-free  reference 
configuration  the  material  is  fully  annealed,  isotropic,  and  its 
microsiruaure  is  a  mixture  of  coarse  ferrite  and  cementite. 
Furthermore,  there  is  a  non-hcat-conducting  rigid  ellij^idal 
inclusion  with  its  major  and  minor  axes  coinciding  with  the 
ceniroidal  axes  of  the  cross-sectron.  In  terms  of  the  referential 
description,  governing  equations  are; 
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Fig.  1  A  schematic  sketch  of  the  problem  studied 


(p-0-=0,  (1) 

P0y(=T<,.a. 

Poe  =  -  Qa.a  +  +  Qu 

where 

y=deLF,„,  Xi.a  =  3Xi/aX„,  (4) 

Xi  is  the  present  location  of  a  material  particle  that  occupied 
place  in  the  reference  configuration,  p  its  present  mass 
density,  Po  its  mass  density  in  the  reference  configurauon,  y,- 
its  present  velocity,  Jia  the  first  Piola-Kirchoff  stress  tensor, 
Qa  the  heat  flux  per  unit  reference  area,  e  the  speafic  energy, 
a  superimposed  dot  indicates  the  material  time  derivative,  ^d 
a  repeated  index  implies  summation  over  the  range  of  the  index. 
Equations  (1),  (2),  and  (3)  express,  respectively,  the  balance 
of  mass,  balance  of  linear  momentum,  and  the  balance  of 
internal  energy.  For  the  constitutive  relations  we  take 

a!j=  — ^5ij+2pDf/—3K(eii,  +  epi,)8ij,  (5.1) 

=  2p  =  ^(1+6/)'"(1-K«-«o)).  (5.2,3) 

p  V3/ 

lDij=Vij+Vjj,  2I^  =  DijDij,  (5.4,5,6) 


a.=-X„jqj,  qi=-kej. 
P 


Poe  =PQCd  +— y 
P 


— -  W-,+fm)h 


the  thermal  conductivity,  c  the  specific  heat,  6  the  temperature 
rise  of  a  material  partide,  a  the  coefficient  of  tbermal  expan¬ 
sion,  fi  the  dilataiional  strain  for  complete  transformation  of 
austenite  (y-phase)  to  peariite  or  the  strain  o  f  volume  shrinkage 
for  complete  transformation  of  ferrite  and  cementite  to  aus¬ 
tenite,  {2  the  dilataiional  strain  for  complete  transformation 
of  austenite  to  martensite,  the  rate  of  latent  heat  for  the 
transformation  from  the  mixture  of  ferrite  and  cementite  to 
7-phase.  QiL  the  rate  of  latent  heat  for  the  transformation 
from  7-phasc  to  pearlhe,  is  the  rate  of  latent  beat  for  the 
tran^ormation  of  7-pfaase  to  martensite,/,  is  the  vohune  frac¬ 
tion  of  the  7-phase,  and  /,  the  volume  fraction  of  the  mar¬ 
tensite  phase  present  at  a  spatial  location.  Balra  (1988)  and 
Batra  and  Liu  (1989)  have  used  Eq.  (5.1)  with  p.  given  by  (5.3) 
to  study  the  ste^y-state  penetration  problem  and  the  initiation 
and  growth  of  shear  bands  in  a  viscoplastic  material.  Batra 
and  Jayachandran  (1992)  have  shown  that  for  the  penetration 
problem,  it  and  the  constitutive  relations  proposed  by  Bodner- 
Panom  (1975)  and  Brown  et  al.  (1989)  give  essentially  identical 
results.  The  last  term  on  the  right-hand  side  of  Eq.  (5.1)  ac¬ 
counts  for  the  pressure  induced  by  dilatation  assoaated  with 
the  phase  changes,  and  should  not  affect  plastic  deformations 
of  the  body. 

The  thermophysical  properties  of  a  material  point  are  de¬ 
termined  from  their  values  for  different  phases,  the  volume 
fractions  of  these  phases  making  up  that  material  particle,  and 
the  rule  of  mixtures.  That  is 

tf  =/aVa  +fyly  +/m’7m  (^) 

where  i>„,  7.,,  and  ij«  are  the  values  of  7  for  the  o-phase,  7- 
phase,  and  martensite,  respectively.  Strictly  speaking,  the  a- 
phase  is  ferrite.  For  simplicity,  we  take  the  material  properties 
of  the  mixture  of  ferrite  and  cementite  to  be  the  same  as  that 
of  peariite,  also  referred  to  as  the  o-phase.  We  note  that  the 
three  phases  need  not  be  present  simultaneously  at  a  point. 
Budiansky  (1970)  has  derived  expressions  for  thermophysical 
parameters  for  an  isoaropic  composite  in  terms  of  volume 
fractions  and  thermophysical  constants  of  the  constiruents. 
Inoue  (1989)  has  obtain^  expressions  for  Young’s  modulus, 
Poisson’s  ratio,  the  coefficient  of  thermal  expansion,  and  the 
volumetric  dilatation  due  to  phase  changes  for  the  mixture  in 
terms  of  the  values  of  these  parameters  for  the  constituents 
and  their  volume  fractions.  Of  these,  the  global  values  of  the 
coefficient  of  thermal  expansion  and  the  volumetric  dilatation 
obey  Eq.  (6).  Inoue  (1989)  has  assumed  an  expre^on  like  Eq. 
(6)  for  the  potential  (or  yield)  function  for  a  mixture.  Here, 
for  simplicity,  we  use  Eq.  (6)  to  evaluate  all  of  the  material 
parameters  needed  in  this  study. 

The  kinetic  equation  for  the  phase  transformation  from  the 
a-pbase  to  the  7-phase  is  taken  to  be 


(5.7,8) 


+  ,  (5.9) 

e„  =  3\\e)de,  (5.10.11) 


A='!^ 


for  fl>0,  725*C<0<75O*C, 


Ql^Qil  +  Qil  +  Qil-  (5.12,13) 


Here  <T,y  is  the  Cauchy  stress  tensor,  B  may  be  thought  of  ^ 
the  bulk  modulus  for  the  material  of  the  block,  K  ^uals  the 
bulk  modulus,  D  is  the  strain-rate  tensor,  cto  the  stt^ess 
of  the  material  in  a  quasistatic  simple  tension  or  compr^ion 
test,  parameters  b  and  m  characterize  the  strain-rate  sensitivity 
of  the  material,  I  is  the  second  invariant  of  the  deviatonc  strain- 
rate  tensor  D,  v  is  the  coefficient  of  thermal  softening,  k  equals 


0,  otherwise. 


/^  =  (9-725)/25,  for  fl>0,  725 *€:<«< 750*C.  (7.2) 

Similarly,  the  latent  heat  release  rate  for  the  transformation 
from  o-phase  to  7-phase  is  assumed  to  have  the  form 

^  k 

-—Qi,  725*C:<«:<750‘C,  9>0. 

“  (8) 

0,  otherwise. 

Whether  or  not  7-phase  changes  back  to  a-phase  depends 
upon  the  cooling  rate  at  a  point.  Referring  to  Fig.  2,  the 
transformation  from  7-phase  to  peariite  is  assumed  to  begin 
as  soon  as  the  cooling  curve  for  a  point  intersects  parabola  y4, 
and  is  presumed  to  have  completed  by  the  time  the  coohng 
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Fig.  2  Phase  diagram  during  continuous  cooling  for  a  typical  steel 

curve  intersects  parabola  B.  At  any  f  ^ifte 

assume  that  the  rate  of  conversion 

and  the  corresponding  rate  of  release  of  the  latent  heat 
given  by 

In  10  \\ogt 

Q,L-QzJa, 


CO 

f,  and  r^are  defined  in  Fig.  2,  and  r*  equals  the  ^'^^en  ^e 
temoer^nire  reaches  710‘C  during  the  cooling  process,  -^us, 
we  assume  that/„  increases  linearly  from  0 ‘ 
log  h  and  log  f/.  Note  that  the  abscissa  m  Fig.  2  equals  the 

^°!M^tem^ture  of  a  material  point  where  ir-phase  is 

present  reachS  235*C  during  the  cooling 

that  the  v-phase  starts  transforming  into  martensite, 

of  trm^fo^ation  and  the  rate  of  latent  heat  release  being  1 

given  by  t 

•  (12)  ' 
0,  otherwise, 

QlL=QiJ-’- 

Here/  equals  the  volume  fraction  of  the  y-phase 

rhemaIerialparticlewhenitstemperaturecoolsdownto235  C  ^ 

Inoue  (1989).  in  his  review  amde,  has 
of  elastoviscoplasticity  that  incorporates  the  effect  of  ph^ 
transformations,  and  has  also  listed  kinetic 
transformations  used  by  different  f 

equations  are  considerably  more  involved  than  Eqs.  {lA),  W. 
and  (12).  and  require  a  knowledge  of  material  parameters  not 
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available  in  any  handbook.  The  constitutive  relations  (7.1) 
roi  and  (12)  are  based  on  the  observations  from  the  pnase 
diagram,  which  indicate  that  ferrite  transforms  into  austenite 
at  about  725*C,  and  that  above  this  temperature,  and  de¬ 
pending  upon  the  carbon  content,  different  volume  fra^ons 
of  these  phases  may  be  in  equihbnum.  Thus,  one 
knot  the  initial  carbon  content  and  also  study  the 
of  carbon.  Such  details  are  warranted  in  the  analysis  of  the 
mechanics  of  phase  transformations;  however,  we  omit  these 
herein.  Realizing  that  the  phase  diagram  refers  to  the  equilib¬ 
rium  situation  and  the  transformation  from  P^^ 
other  does  not  occur  instantaneously,  we  h?vc  t^qn  (7.1).  (9), 
and  (12)  as  the  constitutive  relations  for  / y  ana 

We  introduce  non-dimensional  variables,  indicated  below 
by  a  superimposed  bar ,  as  follows.  ^ 

s  =  s/<T„  T  =  T^.,  B  =  B/ar,  K  =  K/ar^ 

x  =  xJH,  X  =  X//f.  70-i^o/H.  v  =  v/t;o. 

7  =  //7o,  D  =  D/7o,  ^=tyo,  6  =  670.  = 

p  =  p/p„  P  =  Pc/P..  c  =  c/Cr,  5=pp;5/<r.. 

a  =  -  k  =  k/kr.  (14) 

^  P^rVoH' 

The  subscript  r  on  a  quantity  indicates  its 
usually  that  for  the  initial  femte  and  cemenute  phases,  2H 
eLals  the  length  of  a  side  of  the  square  cross-secuon,  Vo  is 
the  value  of  the  steady  velocity  applied  0“  ^°P  5“°^. 

surfaces  and  70  equals  the  average  apphed  strain  rate.  Henc 
forth  we  work  in  terms  of  nondimensional  vanable  and  drop 
•  the  siinerimposed  bar.  We  note  that  the  nondimensional  num- 

■  ber  5  imlicates  the  importance  of  inertia  forces  relauve  to  the 

■  vield  stress  of  the  material,  and  jS  equals  the  thermal  Ipgth. 

We  assume  that  all  four  sides  of  the  square  ^ 

thermaUy  insulated,  the  two  vertical  sides  are  traction  fr  , 

'>  he^is  no  tangential  traction  on  the  top  and  bottom  ^ges, 
and  a  oreassigned  vertical  velocity  is  prescribed  on  these 
,)  Sis  i  ??^onable  to  assume  that  the  defor^tions  of  the 
^  JSk  symmetrical  about  the  horizontal  and  verti^  cen- 
troidal  axes  We  study  deformations  of  the  maten^  lying  m 
The  tot  quadrant  and  impose  on  it  the  following  boundary 

conditions.  ,,,  ,, 

1)  p,  =  0.  r,2  =  0,  Qi  =  0  at  x,=Ar,  =  0,  (15.  ) 

'e  Pi  =  0,  r2,  =  0,  Qi  =  0  at  Xj=^X,  =  0,  (15.2) 

s,  r,i  =  0,  Tn  =  0,  Qi=0  Xi  =  H,  (15.3) 

»  Pi=-6((),  02=0  on  X2=H,  (15.4) 

V\=0,  V2  =  0,  QtJ^a  ~  9 

is 

le  on  the  surface  of  the  rigid  inclusion.  (15.5) 

The  boundary  conditions  on  the  edges  Jfi  =  0  and  Xj  =  0 
Slow  ^he  presumed  symmetry  of  deformauons,  md 
thL  on  the  inclusion  surface  are  mpUed  '’i’ ''^5 
that  the  inclusion  is  ngid  and  non-heat-conductmg. 

,,  tion  6(0  is  given  by 

/,({)  =  t/0.005,  0<r:<0.005,  (161) 

_1  0.(X)5</:£  0.5055,  (16.2) 

13) 

at  o.5055<r:s0.5105,  (16.3) 

C.  ”  01^^  ’ 

ory’  =0.  (20.5105.  (16-4) 

The  duration  of  the  loading  pulse  is  beUeved  to 

to  cause  the  phase  of  austenite 

(9)  occur.  It  will  be  interesnng  to  see  if  he  cMimg 
not  due  to  the  heat  loss  from  the  matenal  within  the  band 
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surrounding  material  is  rapid  enough  to  facilitate  its  trans¬ 
formation  into  martensite  or  not. 

For  the  initial  conditions,  we  take 

p(x.O)  =  1 ,  v(x,0)  =  0,  5(x,0)  =  flo.  /or(*'>0) 

/,(x,0)  =  0,  /„(x,0)  =  0.  (17) 

That  is,  the  body  is  initially  at  rest,  has  a  uniform  mass  density 
and  temperature,  and  all  of  the  material  is  a  mixture  of  ferrite 
and  cementite. 

Computational  Considerations 

The  problem  formulated  above  is  highly  nonlinear.  It  is 
almost  impossible  to  prove  the  existence  and  uniqueness  of  its 
solution.  Here  we  find  an  approximate  solution  of  the  problem 
by  first  reducing  the  coupled  nonlinear  partial  differential 
equations  governing  the  thermomechanical  deformations  o 
the  block  to  a  set  of  coupled,  nonlinear,  and  ordinary  stiff 
differential  equations  by  using  the  Galerkin  approximation. 
At  each  node  point  in  the  mesh,  two  components  of  the  ve¬ 
locity,  the  temperature  and  the  mass  density  are  taken  as  un¬ 
knowns.  A  finite  element  mesh  consisting  of  4-noded 
quadrilateral  elements  with  2x2  Gauss  quadrature  rule  and 
lumped  mass  matrix  is  employed.  The  stiff  ordinary  different^ 
equations  are  integrated  with  respect  to  time  by  using  the 
backward  difference  Adam’s  method  included  in  the  subrou¬ 
tine  LSODE  (e.g.,  see  Hindmarsh,  1971).  The  Gear  method, 
also  included  in  LSODE,  could  not  be  used  because  of  tlw 
limited  core  storage  available.  The  computer  code  developiro 
by  Batra  and  Liu  (1989)  was  suitably  modified  to  solve  the 
present  problem. 

The  temperature  at  a  quadrature  (Gauss)  point  within  an 
element  is  computed  from  a  knowledge  of  its  values  at  the 
node  points.  The  temperature  and  its  rate  of  change  at  a  quad¬ 
rature  point  determine,  according  to  Eqs.  (7.1),  (9),  and  (12), 
the  phase  transformation  at  that  point.  The  value  of  a 
mophysicai  property  at  a  quadrature  point  is  determined  by 
using  Eq.  (6). 


Results  and  Discussion 

We  assume  that  in  the  unstressed  reference  configuration 
the  microstructure  is  a  mixture  of  coarse  ferrite  and  cementite, 
and  assign  the  following  values  to  various  parameters.  Param¬ 
eters  that  are  taken  to  have  the  same  value  for  all  three  phases 
are  indicated  without  any  subscripts. 

6=  10,000  s,  pr=7860  kgm~\  5=128GPa, 

c=473  J  kg"‘  *C”'.  110  =  25  m/s,  if=5  mm, 

do  =  2S’C,  /:=  159(1- 1.47  xl0”'‘fl)GPa, 

-  2u.  =  Qzl  =  0.628  X  lO’  Jm  ■  \  Qst,  =  0.542  x  lO’  Jm 
ej?= -e??  =  0.007,  ejr  =  0.044,  =0.007,  ?j  =  0.044. 

a„=14xlO-‘-C-'.  0^  =  21x10-" -C-'. 

a„=  13X10"*  *C"'. 

it„  =  49.216(l-5.05xl0"‘‘e)Wm"'  ‘C"', 

A^^=  15(1 -1-7.48 X  lO"*  5)Wm"‘  *C"', 

A:„  =  43.1(l-5.03xl0"'‘e)Wm"'  *C"‘, 
a,  =  <ro„  =  333  MPa.  <To^=190MPa,  CTom=1600MPa, 
v„  =  2.5  X  10-“ -C"', 
for0<9:<600*C.  1.51  X  10"’ *0"', 

.-.,=  1.392x  10"’  *0"'. 

for9>600‘C,  .-c=l.llxl0"‘‘ 

.-.,=  1.83x10-*  *0"'.  (18) 

Here  we  have  made  an  exception  to  our  notation  and  indicated 
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Fig.  3  DiscretizaHon  of  the  domain  into  the  finite  etement  mesh  used 
to  analyze  the  problem 


dimensional  quantities  to  clarify  units  used.  The  value  of  the 
temperature  6  in  expressions  for  several  variables  is  measured 
in  *C.  For  assigned  values  of  Uo  and  H,  the  average  applied 
strain-rate  equals  5000  sec"'.  The  superscripts  ya  and  ym  on 
ept,  indicate  that  the  volumetric  strain  for  complete  transfor¬ 
mation  from  7-phase  to  pearlite  and  from  y-phase  to  martensite 
equal  0.007  and  0.044,  respectively.  Values  of  material  param¬ 
eters  associated  with  different  phases  are  taken  from  Reed- 
Hill  (1973)  and  Yu  et  al.  (1979). 

Figure  3  depicts  the  discretization  of  the  domain  into  the 
finite  element  mesh  used  to  analyze  the  problem.  The  mesh  is 
fine  in  regions  adjoining  the  tip  of  the  ellipsoidal  inclusion 
where  severe  deformations  are  expected  to  occur.  Since  we  use 
an  updated  Lagrangian  description  of  motion,  the  spatial  co¬ 
ordinates  of  nodes  are  updated  after  every  time  increment. 
The  size  of  the  time  increment  is  selected  adaptively  by  the 
subroutine  LSODE  in  order  to  solve  the  given  problem  within 
the  prescribed  accuracy  during  each  time  increment.  Herein 
the  values  of  the  absolute  and  relative  tolerances  required  by 
LSODE  were  each  set  equal  to  10"^.  Since  the  analytic^  so¬ 
lution  of  the  problem  is  unknown,  it  is  impossible  to  estimate 
the  total  error  in  the  solution  at  any  instant.  During  the  course 
of  the  solution  of  the  problem  the  deformed  region  had  to  be 
remeshed  twice;  this  was  indicated  by  the  negative  value  of  the 
Jacobian  at  a  Gauss  point.  The  values  of  the  solution  vanables 
at  nodes  in  the  new  mesh  were  obtained  first  by  finding  to 
which  elements  in  the  previous  mesh  these  nodes  belonged, 
and  then  using  an  interpolation  technique. 

Figure  4  depicts  contours  of  the  maximum  principal  loga¬ 
rithmic  strain  «,  defined  as, 

e  =  ln  X, 

where  Xf  is  the  largest  eigenvalue  of  the  left  or  right  Cauchy- 
Green  tensor,  at  four  different  values  of  the  nondimensional 
time  /.  These  contours  are  plotted  in  the  referential  desOTption 
and  suggest  that  the  material  around  the  tip  of  the  ellipsoidal 
inclusion  deforms  severely,  and  these  intense  deformations 
propagate  along  direaions  making  an  angle  of  nearly  ±45  deg 
with  the  horizontal.  In  order  to  decipher  clearly  the  magnitude 
of  deformations  in  different  regions,  we  have  plotted  in  Fig. 
5  the  evolution  of  the  maximum  principal  logarithmic  strain 
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ai  several  points;  the  approximate  location  of  these  ^  n  s  are 
given  in  Fig.  5(a).  Point  1  adjoins  the  inclusion  tip. 

!  t8,  and  3  are  on  the  horizontal  Une  through  point  1  and 

si’tuated  in  that  order  from  ‘ 

venically  above  points  36.  2,  and  2 

ordinate  is  In  X,.  the  maximum  stretch  at  point  2  ; 

The  deformations  at  points  2,  31,  and  ^  ^ 

larger  than  those  at  points  1  and  36.  implying 
severest  deformations  occur  at  points  a  little  '  „  ,nH 

the  inclusion  tip.  Intense  deformations  of  the  region  su^round- 
„g  point  17  seem  to  propagate  vertically  more  than  along  the 
line  passing  through  points  17  and  21.  For  ^^5"  .J^h 
poses  we  have  also  plotted  the  evolution  of  e  at  ^ 
iTfar  removed  from  the  inclusion  tip.  Sy 

imum  principal  logarithmic  strain  at  ^mt  35  ^ 

in  the  ^ginning,  and  its  rate  of  growth  picks  up  at  an  aierag 
strain  of  0.375.  However,  its  overall  deformations  remain  m 
uscule  as  compared  to  the  deformations  of  the  material  sur- 

'^°'Th^vo^tion  of  the  nondimensional  temperature  and  the 
effective  deviatoric  stress  s,  at  several  points  is  shown  in  Figs. 
6  and  7.  respectivelv.  The  effective  stress  5,  is  given  b> 


—  (1 +&/)"(  l-v<0-9o)).  (J9o) 

v3 


(196) 

The  sharp  drop  in  the  value  of  the  effective  stress  at  points  1, 
2  ^5  and  36  signifies  the  phase  transformation  from  a-phase 
to  y-phase  there,  since  ao  for  the  -y-phase  is  consideraWy  lower 
than  that  for  the  mixture  of  ferrite  and  ccmenute.  T^us,  t^ 
material  at  point  36  is  transformed  into  austenite  first  followed 
by  that  at  points  1 . 2.  and  5.  Once  the  speed  of  matenal  particles 
on  the  top  surface  has  been  reduced  to  zero,  the  average  strain 
remains  constant  subsequently.  However,  the  effeaive  sums 
at  these  points  does  change,  and  will  increase  substanually 
once  the  phase  transformation  from  austemte  to  mar^nsite 
niare.  However,  these  changes  are  not  shown  in  Fig.  7. 


Z 


R,.  4  Conloum  o.  Ih.  prin«p..  T= 

d-Itterent  values  ol  the  ''  ‘  ’ 

n  9523.  (Cl  (  =  0.5105.  ane  (<h  »  =  0.6710. 
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Fio.  5  Evotutton  oi  the  maximum  prindpat  logarithmic  strain  at  seyeral 
S,ts;  mH^^nrate  location  of  these  points  is  also  shown 


F,,.  6  Evolution  o.  the  nondmendonal 

the  approximate  location  ot  these  points  is  shown  in  Fig.  5 

The  values  of  the  nondimensional  temperature  need  to  be 
tiplied  by  89.6-C  to  obtain  their  corresponding  vaiuw  m  . 
Whereas  the  temperature  at  point 
other  points  continues  to  increase.  Zhu  and  Batra  (1990) 
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no.  7  Evolution  ol  the  effective  stress  at  numerous  points  whose  ap- 
p^ximate  locations  are  shown  in  Fig.  S 

ied  a  similar  problem  earlier  in  which  no  account  was  taken 
of  the  phase  transformations,  all  of  the  material 
were  assumed  not  to  depend  upon  temperature  and  'he  so  ^ 
c4ig  of  the  material  due  to  its  being  heated  up  was  modeled 
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Fig.  8  Contow  o<  ttw  »olum«  bactkjn  of  ousfenife  at  (fitterent  aaiues 
of  time  t  (a)  f  =  33.7  ^  (i)  <  =  67.S  ^  (c)  f  =  102  ;is,  (<f)  f  =  ^ 

(e)  I  =  29.8  iii«secoo<ls  (ms),  and  (0  f  =  99-3  '"*• -  U 

=  0J!S,—  -£,  =  0-5. - 4  =  0-75. - 4  =  1-0- 


by  an  exponential  rather  than  a  linear  function.  In  that  case 
(cf.  Fig.  9(a)  ofZhu  and  Batra,  1990),  the  temperature  ai  point 
1  was  always  higher  than  that  at  other  points  surrounding  it, 
and  the  maximum  principal  loganthmic  strain  <  at  point  1 
increased  sharply  once  a  shear  band  initiated.  A  glance  at  Fig. 
5  shows  that  e  at  point  1  levels  off,  and  there  is  no  transition 
in  the  rate  of  growth  of  «.  In  the  present  proUem  h  is  hard 
to  decipher  when  a  shear  band  initiated. 

In  Fig.  8  we  have  plotted,  in  the  reference  configuration, 
contours  of  the  volume  fraction  of  austenhc  at  time  t  equal 
to  33.7  67.5  Ais,  102  /is,  134  fts,  29.8  millisec  (ms),  and  99.5 

ms.  The  horizontal  and  vertical  scales  have  been  enlarged  to 
clarify  the  contours.  We  recall  that  the  vertical  velodiy  on  the 
top  surface  is  reduced  to  zero  at  /  =  102  fis,  and  b  kept  at 
zero  subsequently.  Thus,  no  external  work  b  done  on  the 
system  for  t  a  102  #ts,  and  the  heat  conductitm  from  the  hotter 
to  the  colder  regions  tends  to  equilibrate  the  temperature  every¬ 
where.  All  material  particles  had  essentially  come  to  rest  at  t 
=  124  ns,  and  only  the  heat  equation  was  solved  for  /  2  134 
US.  Since  we  have  assumed  a  simple  idnetic  equation  for  the 
phase  transformation  from  a  to  y  phase,  some  of  the  matetiai 
is  converted  into  austenite  even  after  the  top  sorface  b  brought 
to  and  maintained  at  rest.  A  comparison  of  the  conioi^  of 
the  volume  fraction  of  austenite  with  those  of  the  maximum 
principal  logarithmic  strain  reveals  that  some  of  the  material 
outside  of  the  shear  band  has  also  transformed  into  austenite. 
We  do  not  get  a  very  sharp  and  narrow  band,  primarily  bcouse 
the  finite  element  mesh  used  is  not  very  fine.  The  available 


computational  resources  limited  the  size  of  the  problem,  and 
hence  the  mesh  that  could  be  used  to  analyze  h. 

Whether  or  not  austenite  b  transformed  into  pearlite  or  into 
martensite  depends  upon  how  fast  heat  can  be  conducted  out 
of  the  hotter  regions  by  the  sinxounding  colder  material.  Figure 
9  depicts  the  variation  of  the  temperature  at  point  P  with 
coordinates  (0.1, 0.0368)  in  the  reference  configuration.  The 
cooling  curve  for  thb  point  b  also  plotted  on  the  C-C-T  (con- 
tinuous-cooling-oansformation)  diagram.  The  peak  temper¬ 
ature  at  point  P  reached  almost  1075*C,  which  b  well  above 
750*,  the  temperature  at  which  the  transformation  b  assumed 
to  have  completed.  Since  the  cooling  curve  for  P  does  not 
intersect  parabola  A  on  the  C-C-T  diagram,  the  austenite  pres¬ 
ent  at  point  P  b  transformed  directly  into  martensite.  Similar 
reasoning  applied  at  several  points  indicated  that  quenching 
of  the  hotter  material  caused  by  the  surrounding  colder  ma¬ 
terial  was  strong  enough  to  cause  austemte  to  be  transformed 
directly  into  martensite.  The  contours,  in  the  reference  con¬ 
figuration,  of  the  volume  fraction  of  martensite  at  four  dif¬ 
ferent  values  of  time  are  exhibited  in  Fig.  10.  The  horizontal 
and  vertical  scales  have  been  expanded  to  distinguish  among 
the  different  comours.  These  plots  evidence  that  a  signific^t 
portion  of  austenite  has  been  transformed  into  martensite. 
Because  of  the  thermally  insulated  boundaries,  the  block  cools 
down  to  a  uniform  temperature  which  b  above  1 10*C.  There¬ 
fore,  all  of  the  austenite  cannot  be  transformed  into  martensite. 
However,  if  the  block  boundaries  were  able  to  exchange  heat 
with  the  surroundings,  then  the  material  will  cool  down  to  the 
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Fig.  9  (a)  Variation  of  temperature  with  time  at  point  P  (0.1,  (L0368),  (b) 
Cooiing  curve  (or  point  P  superimposed  on  the  C-C-T  diagram. 


room  temperature  eventually.  The  cooling  curve  for  a  typical 
point,  shown  in  Rg.  9,  indicates  that  it  will  not  intersect  ehlier 
one  of  the  two  parabolas;  the  same  was  found  to  be  the  case 
for  other  points  considered.  Therefore,  all  of  the  austenite  at 
a  point  will  be  transformed  into  martensite.  Rgurc  10(e)  shows 
contours  of  martensite  for  this  case.  The  temperature  contours 
at  four  different  times,  depicted  in  Rg.  11,  reveal  that  only  a 
small  region  near  the  inclusion  tip  is  heated  up  significantly, 
and  that  the  temperature  distribution  within  the  block  becomes 
essentially  uniform  at  time  t  =  99.9  ms. 

A  similar  study  conduaed  at  an  average  strain-rate  of  1<X)0 
s  '  *  gave  results  qualitatively  similar  to  the  ones  reported  herein. 
The  main  reason  for  our  not  getting  narrow  shear  bands  is 
that  the  finite  element  mesh  used  is  not  fine  enough.  As  stated 
earlier,  a  fine  mesh  could  not  be  used  because  of  the  limited 
computing  resources  available.  A  fine  mesh  should  result  in 
sharper  gradients  of  temperature  across  the  shear  band,  and 
possibly  higher  values  of  temperature  within  it,  thus  facilitating 
the  transformation  from  ot-phasc  to  y-phase.  Here  we  have 
not  accounted  for  the  effect  of  the  stress  and/or  strain  on  the 
phase  transformations;  Inoue  (1989)  has  given  kinetic  equa¬ 
tions  for  such  phase  transformations. 

(2oaciusions 

We  Tiave  analyzed  plane  strain  thermomccfaanical  defor- 
marions  of  a  steel  block  of  square  cross-section  and  loaded  in 
compression  at  an  average  strain-rate  of  5000  s“'.  Hardening 
of  the  matoial  .due  to  strain-rate  effects  and  its  softening 
caused  by  its  being  heated  up  are  accounted  for.  We  have  also 
considered  the  possible  transformation  of  the  material  from 
the  mixture  of  ferrite  and  cementite  to  y-phase  and  back  into 


X  X 


ng.  1 0  Contours  of  tha  volume  fcsclion  o<  martensite  allourdlHerent 
values  of  time  Ha)  t  —  29.B  ms,  (b)  f  =  eaa  ms,  (c)  f  =  59.8  ms,  {d)  I 
=  99.9  ms.  (a)  Contoura  of  tha  volume  bsction  ol  martensite  if  all  of 
(he  block  had  cool«l  down  to  tha  room  lemparature  of  2S’C. 
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Fig  11  Contours  o(  temperature  at  four  different  values  of  time  f.  (a) 
(  =  50.5  as.  (f»  f  =  84.5  as.  (c)  f  =  134  as.  and  (d)  f  =  99.9  ms. 


either  pearlite  or  manensite.  The  thermophysical  propcraes  of 
a  material  point  consisting  of  more  than  one  phase  are 
mined  by  the  rule  of  mixtures.  The  loading  pulse  is  made  up 
of  an  initial  transient  loading  part  of  1  ^^s  duration,  a  steady 
part  of  100  fis,  and  the  unloading  part  of  1  /is;  subs^uendy. 
the  bottom  and  top  surfaces  are  held  fixed.  A  matenal  defect 
is  modeled  by  a  rigid  non-heat-conducting  ellipsoidal  mclusiM 
located  at  the  block  center.  The  deformauons  are  presumM 
to  be  symmetrical  about  the  centroidal  axes  paraUel  to  the 
bounding  faces,  and  thus  deformations  of  the  material  in  the 
first  quadrant  are  studied. 

It  is  found  that  a  narrow  band  of  intense  plasdc  defonnauo 
initiates  at  the  inclusion  tip  and  propagates  ^ong 

making  an  angle  of  approximately  ±45  deg  wi  e 

tal.  Much  of  the  material  within  and  adjoimng  the  band  is 
heated  up  to  a  temperature  above  725*C,  where  the  traiu  or- 
mation  from  the  mixture  of  ferrite  and  cemenute  to  thejr 
phase  is  presumed  to  begin.  This  hotter  matenal  is  quenched 
by  the  cold  material  surrounding  it  at  a  rapid  enough  rate  that 
the  7-phase  is  transformed  directly  into  martensite. 
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Summary  We  study  dynamic  thermomechanical  deformations  of  an  elasto-viscoplastic  body  deformed  m 
plane  strain  compression  at  a  nominal  strain-rate  of  5  000  sec  '  h  The  boundaries  of  the  block  are  assumed  to 
be  perfectly  insulated.  We  model  the  thermoviscoplastic  response  of  the  material  by  the 
Brown- Kim -Anand  constitutive  relation  in  which  the  evolution  of  the  microstructural  changes  is 
accounted  for  by  two  internal  variables,  viz.  a  scalar  and  a  traceless  symmetric  second  order  tensor.  The 
former  accounts  for  the  isotropic  hardening  of  the  material,  and  the  latter  for  the  kinematic  hardening,  e 
model  a  material  defect  by  introducing  a  temperature  perturbation  in  the  stress-free  reference  configuration. 
It  is  found  that  the  consideration  of  kinematic  hardening  does  not  change  the  qualitative  nature  of  results. 


1  Introduction 

Adiabatic  shear  bands  are  narrow  regions  of  intense  plastic  deformation  that  form  during  high 
strain-rate  processes,  such  as  shock  loading,  ballistic  penetration,  metal  forming,  and  machining. 
They  are  called  adiabatic  since  the  bands,  once  they  initiate,  are  fully  developed  in  a  few 
microseconds,  and  there  is  not  enough  time  for  the  heat  to  be  conducted  away  from  the  severely 
deforming  region.  The  primary  mode  of  deformation  within  the  band  is  that  of  shearing. 
Previous  numerical  [1],  [2]  and  analytical  [3]  studies  have  shown  that  the  thermal  conductivity 
affects  significantly  the  band-width.  Because  of  the  intense  deformations  of  the  material  within 
and  surrounding  the  shear  band,  the  structure  of  the  material  changes  dunng  the  development  of 
the  band.  One  way  to  account  for  these  structural  changes  is  to  use  constitutive  equations  which 
employ  a  suitable  number  of  scalar  and  tensor  valued  internal  variables.  Anand  [4]  has  given  a  set 
of  constitutive  equations  appropriate  for  large  deformation  elasto-viscoplasticity  that  include 
two  internal  variables;  a  scalar  and  a  symmetric,  traceless  second-order  tensor  which,  in  an 
average  sense,  represent  an  isotropic  and  an  anisotropic  resistance  to  plastic  flow  offered  by  the 
internal  state  of  the  material.  Brown,  Kim,  and  Anand  [5]  tested  in  compression  an  iron-2% 
silicon  alloy  and  an  1100-type  aluminum  alloy  at  high  temperatures  and  determined  the  specific 
forms  of  the  constitutive  functionals  and  the  values  of  material  parameters  for  these  alloys.  Here 
we  use  such  a  constitutive  relation  to  assess  the  effect  of  anisotropic  resistance  to  plastic  flow,  also 
known  as  kinematic  hardening,  on  the  initiation  and  growth  of  shear  bands. 

Even  though  Tresca  [6]  and  Massey  [7]  observed  hot  lines,  now  called  shear  bands,  during  the 
forging  of  a  hot  metal  in  1878  and  1921,  respectively,  the  research  activity  in  this  field  picked  up 
since  1944  when  Zener  and  Hollomon  [8]  observed  32  pm  wide  shear  bands  during  the  punching 
of  a  hole  in  a  low  carbon  steel  plate.  Zener  and  Hollomon  postulated  that  the  heat  produced  due 
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where 


U{t]  = 


[to. 


0  ^  f  ^  0. 
f  ^ 


(2.20) 


That  is.  all  bounding  surfaces  are  thermally  insulated,  the  right  surface  is  traction  free,  conditions 
due  to  the  assumed  symmetry  of  deformations  apply  on  the  left  and  bottom  surfaces,  and  on  the 
top  surface  zero  tangential  tractions,  and  a  time  dependent  vertical  component  of  velocity  is 
prescribed.  Thus,  the  contact  between  the  loading  device  and  the  upper  surface  of  the  body  is 
assumed  to  be  smooth.  The  assigned  vertical  velocity  on  the  top  surface  increases  from  zero  to  the 
steady  value  vq  in  time 

For  the  initial  conditions  we  take 


g(X  0)  =  §0 ,  ff-Y,  0)  =  0 ,  (T( X  0)  =  0,  B(X,  0)  =  0,  s(X,  0)  =  Sq  , 


0{X.  0)  =  Oo  +  c)  1  - 


,.2\1 


exp  (  — 5r-),  r-  =  Xi-  +  X2'- 


(2.21) 


These  imply  that  the  body  is  initially  at  rest,  is  stress  free,  has  a  uniform  mass  density,  and 
a  nonuniform  temperature  distribution.  The  initial  temperature  is  higher  in  a  small  region 
around  the  origin;  the  magnitude  <5  of  the  perturbation  signifies,  in  some  sense,  the  strength  of  the 
material  defect. 

We  note  that  there  is  no  yield  or  loading  surface  assumed  in  our  work,  and  the 
constitutive  relations  employed  fall  in  the  category  of  “unified  theories  of  viscoplasticity”. 
A  material  point  is  presumed  to  undergo  elastic  deformations  at  all  times.  The  constraint 
tr  =  0  does  not  require  any  special  consideration  since  it  is  satisfied  at  time  t  =  0  because 
of  the  initial  conditions,  and  Eqs.  (2.6)  and  (2.8)  give  tr  B  (-,0)  =  0.  Thus,  tr  B{-,  t)  =  0  for 
every  t. 


3  Computational  considerations 

The  stiff  coupled  nonlinear  equations  (2.1)  — (2.3),  (2.5),  (2.8),  and  (2.9)  are  to  be  solved  for  o,  v,  9, 
a,  B,  and  s.  Since  sj’  appears  only  as  ij"  in  Eqs.  (2.6),  (2.9),  and  (2.10),  we  substituted  for  it  from 
Eq.  (2.7),  and  thus  did  not  take  it  as  one  of  the  variables  to  be  solved  for.  It  is  extremely  difficult,  if 
not  impossible,  to  prove  the  existence  and/or  uniqueness  of  their  solution  under  the  prescribed 
initial  and  boundary  conditions.  Here  we  seek  their  approximate  solution  by  the  finite  element 
method.  A  set  of  nonlinear  coupled  stiff  ordinary  differential  equations  is  derived  from 
(2.1)  — (2.3),  (2.5),  (2.8),  and  (2.9)  by  using  the  Galerkin  method,  and  are  then  integrated  with 
respect  to  time  by  using  the  backward  difference  Adam’s  method  included  in  the  subroutine 
LSODE  developed  by  Hindmarsh  [13],  The  subroutine  adjusts  the  time  step  size  adaptively  to 
compute  a  solution  of  the  ordinary  differential  equations  within  the  prescribed  tolerance.  The 
parameters  RTOL  and  ATOL  which  control  the  relative  and  absolute  tolerance  in  the  solution 
variables  were  each  set  equal  to  10"  The  coordinates  of  nodes  in  the  finite  element  mesh  were 
updated  after  each  time  step. 
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4  Computation  and  discussion  of  results 

In  order  to  compute  numerical  results,  we  assigned  the  following  values  to  various  geometric  and 
material  parameters: 

2o  =  7860  kgm-\  £  =  168  GPa,  v  =  0.3,  ^  =  64.6GPa, 

/1  =  6.346  X  lO'^sec-G  0  =  100  KJ  mole' £  =  8.3145  J  mole" ‘  "K”', 
c  =  473  J  kg'‘ /c  =  49.22  s  =  405  MPa.  (4.1) 

0o  =  25^C,  ^  =  25=C,  m=1.0,  a  =1.5, 

C  =  3.25,  ho  =  5000  MPa,  H  =  5mm, 
i;o  =  25msec-S  t,  =  10’®sec. 

Thus  the  nominal  strain-rate  equals  5  000  sec and  the  prescribed  speed  on  the  top  surface 
increases  from  zero  to  the  steady  value  of  25  m  sec'  ^  in  one  microsecond.  In  order  to  study  the 
effect  of  isotropic  and  kinematic  hardening  on  the  development  of  the  shear  band,  we  studied  the 
following  seven  different  cases. 


Case  1: 

=  Cl  =  0,  n  =  0.002. 

Case  2; 

cq  =  C2  =  0,  n  =  0.05 . 

Case  3 : 

Ci  =  2(10‘-)p,  C2  =  0,  n  =  0.002. 

Case  4; 

Ci  =  10'^p,  C2  =  0,  n  =  0.002. 

Case  5: 

Cl  =  2(10"^)  p.  Cl  =  5(10^)  sec- ‘, 

n  =  0.002 

Case  6; 

Ci  =  10-^p,  C2=10^sec-\  n  = 

0.002. 

Case  7 : 

Cl  =  10- V.  C2  =  2(10^)  sec- S  n 

=  0.002. 

There  is  no  kinematic  hardening  for  the  first  two  cases,  and  a  comparison  of  results  for  them 
should  delineate  the  effect  of  the  saturation  value  s*  of  s.  Results  for  the  other  five  problems 
should  help  illustrate  the  relative  significance  of  the  two  terms  on  the  right-hand  side  of  Eq. 
(2.8.1),  giving  the  evolution  of  5,  on  the  development  of  the  shear  band.  Jayachandran  and  Batra 
[14]  studied  the  effect  of  various  parameters  in  the  constitutive  relations  on  the  response  of  the 
defect  free  body  deformed  in  plane  strain  compression  and  found  that  an  increase  in  the  value  of 
ho,  n,  m,  4  and  Q  enhances  the  hardening  of  the  material,  and  an  increase  in  the  value  of  ?,  a,  and 
A  furthers  the  softening  of  the  material.  However,  they  neither  considered  kinematic  hardening 

nor  studied  the  nucleation  and  growth  of  a  shear  band. 

In  the  results  presented  below,  a  fixed  mesh  consisting  of  32  x  32  four-noded  quadnlateral 
elements  was  used,  and  aU  integrals  defined  on  an  element  were  evaluated  by  using  the  2  x  2 
quadrature  rule.  The  elements  are  squares  in  the  initial  stress-free  configuration,  but  are 
quadrilateral  for  subsequent  times  because  of  their  unequal  deformations  in  the  horizontal  and 
vertical  directions.  Results  computed  with  a  64  x  64  mesh  of  four-noded  quadrilateral  elements 
agreed  qualitatively  with  those  obtained  with  the  32  x  32  mesh,  the  quantitative  difference 
between  the  values  of  temperature  at  the  origin  was  less  than  5%  dunng  the  entire  process  of  the 
development  of  the  band.  This  was  not  viewed  as  critical,  and  because  of  the  considerable  savings 
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in  the  CPU  time  resulting  from  the  use  of  the  32  x  32  mesh,  it  was  employed  for  all  of  the  seven 
cases. 

Below  we  present  and  discuss  results  in  terms  of  the  following  nondimensional  variables 
indicated  by  a  superimposed  bar 


.V  =  X  H.  X  =  X:H.  P  =  tM'o.  a  =  ff/s. 


B  =  Bis, 


To' 


r  —  tt'oi  hi . 


(4.2) 


a 


b 


Fig.  2.  Contours  of  the  maximum  principal  logarithmic  strain  at  four  different  values  of  the  average  strain, 
a  =  0,0175,  b  =  0,0576,  c  =  0.0776,  d  7„g  =  0.0889 


54 


Effect  of  kinematic  hardening 


Here  IH  equals  the  height  of  the  block.  Henceforth,  we  use  only  nondlmensional  variables 
and  drop  the  superimpo'sed  bar.  Because  the  prescribed  downward  speed  on  the  top  surface 
increases  from  zero  to  one  in  time  t„  the  average  strain  is  slightly  less  than  the  nondimensional 

time.  .  ■  ■  I 

Fiaure  2  depicts,  in  the  reference  configuration,  the  contours  of  the  maximum  principal 

loaarithmic  strain  s.  defined  as 


In/, 


(4.3) 


where  /'  equals  the  maximum  eigenvalue  of  the  right  (F^F)  or  the  left  {FF'^)  Cauchy-Green 
tensor  at  four  different  values  of  the  average  strain  (Vavg)  for  case  6.  Unless  otherwise  noted,  the 
results’ presented  below  are  for  case  6;  the  results  for  other  cases  are  qualitatively  similar  to  those 
presented  herein.  The  contours  of  the  maximum  principal  logarithmic  strain  suggest  that  a  small 
region  surrounding  the  center  of  the  cross-section  undergoes  severe  deformations,  and  these 
inmnse  deformations  propagate  along  the  main  diagonal.  The  severely  deforming  region 
progressively  narrows  down.  The  reason  the  domain  extends  from  0.016  to  0.984  and  not  from 
OOm  1.0  in  the  horizontal  and  vertical  directions  is  that  the  Xr  or  Xj-coordmate  of  the 
quadrature  point  nearest  to  the  left  or  right  and  bottom  or  top  surfaces  is  0.016  and  0.984.  The 
software  used  to  plot  the  contours  interpolates  the  data  at  numerous  points  from  that  provided  at 
the  quadrature  points.  We  note  that  the  results  reported  herein  are  qualitatively  similar  to  those 
obtained  by  Zhu  and  Batra  [14]  who  used  a  different  constitutive  relation  and  did  not  consider 
kinematic  hardening.  By  finding  the  distance  through  which  the  contour  of  £  =  0.35  had  travelled 
from  f  =  0.08  to  0.091 25,  its  average  speed  of  propagation  was  found  to  be  208  m/sec.  This  speed 
depends  upon  the  state  of  deformation  of  the  material  within  the  band  and  also  upon  the 
constitutive  relation  employed.  The  contours  of  temperature  resemble  those  of  the  maximum 

principal  logarithmic  strain  and  are  not  shown  here. 

We  have  plotted  in  Fig.  3  the  variation  of  the  velocity  in  the  .Xi-  and  xj-directions  at 

_  0.088  9.  It  is  clear  that  the  body  is  divided  into  two  deforming  triangular  regions,  one 
adjoining  the  top  surface  that  is  moving  downward  at  the  prescribed  speed,  and  the  other 
abutting  the  horizontal  centroidal  plane.  Theses  two  domains  are  connected  by  a  narrow 
transitional  region  in  which  the  speed  in  the  vertical  direction  increases  sharply  from  essentially 
zero  to  nearly  1.0.  The  thickness  of  this  transitional  layer,  which  is  related  to  the  band-width, 
equals  two  elements  for  the  mesh  used  herein.  A  finer  mesh  will  probably  result  m  even  shaper 
gradients  of  the  speed  within  this  transition  zone.  This  significant  change  of  speed  across  the  thin 
transitional  layer  supports  the  assertions  of  Tresca  [6]  and  Massey  [7]  that  the  tangential  velocity 
is  discontinuous  across  the  shear  band.  In  our  work,  the  velocity  field  is  forced  to  be  continuous 
within  an  element  and  across  interelement  boundaries.  Therefore,  jumps  m  the  tangentia 
velocity  across  a  shear  band  cannot  be  delineated. 

The  distribution  at  y,,,  =  0.0889  of  the  effective  stress  u,,  defined  as 


2  _ 


tr  {a' -B)\ 


(4.4) 


and  the  effective  back-stress  B,  given  by 


3 


(4.5) 


within  the  block  is  exhibited  in  Fig.  4.  As  expected,  the  effective  stress  within  the  shear  band 
drops.  However,  the  drop  is  not  as  precipitous  as  that  found  by  Batra  and  Liu  [15]  who  modeled 
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Fig.  3.  Distribution  of  the  ,Xi-  and  x,- 
components  of  the  velocity  within  the  de¬ 
forming  region  at  =  0.088  9 


thermal  softening  by  an  affine  function  of  temperature  and  assumed  a  rather  large  value  of  the 
thermal  softening  coefficient.  Zhu  and  Batra  [14]  assumed  an  exponentially  decaying  softening 
function  and  obtained  results  somewhat  similar  to  that  shown  here.  The  effective  back-stress 
within  the  band  is  more  than  that  elsewhere  in  the  body,  which  is  consistent  with  the 
assumption  that  the  rate  of  evolution  of  the  back-stress  is  proportional  to  the  plastic  strain-rate. 
The  plastic  strain-rate  is  high  at  points  within  the  band,  and  is  negligible  elsewhere. 

The  deformed  mesh  at  y^vg  =  0.088  9  plotted  in  Fig.  5  vividly  illustrates  that  the  two  elements 
within  the  band  are  significantly  deformed  and  the  rest  of  the  body  has  undergone  very  little 
distortion.  From  results  presented  thus  far,  we  estimate  that  at  time  t  =  0.09  a  large  segment  of 
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STRESS 


Fig.  4.  Distribution  of  the  effective  stress 
and  the  effective  back-stress  within  the 
deforming  region  at  =  0.0889 


the  band  in  the  deformed  configuration  is  directed  along  the  line  EF  that  makes  an  angle  of  43 
with  the  horizontal.  The  orientation  of  the  band  changes  a  little  with  time.  The  distribution  of  the 
maximum  principal  logarithmic  strain  and  temperature  within  the  band  at  different  times  is 
exhibited  in  Fig.  6.  These  curves  reveal  that  the  strain  and  temperature  distributions  within  the 
band  are  nonuniform;  the  strain  and  the  temperature  assume  their  highest  values  near  the  origin 
and  fall  off  rather  rapidly  with  the  distance  from  0  along  OEF.  In  order  to  decipher  the  variation 
of  the  strain,  temperature,  effective  back-stress,  and  the  rate  of  dissipation  of  the  energy  density 
defined  as  tr  {a  D^)  across  the  band,  we  have  plotted,  in  Figs.  7  and  8,  the  distribution  of  these  on 
lines  PQ  and  RS  perpendicular  to  the  estimated  centerline  of  the  band;  these  lines  are  shown  in 
Fig.  7.  The  abscissa  equals  the  distance  from  the  band  centerline  of  a  point  along  line  PQ  or  RS, 
and  is  assigned  negative  values  for  points  lying  above  OEF.  These  plots  provide  evidence  that 
a  narrow  band  forms  around  OEF.  A  finer  mesh  would  probably  have  resulted  in  a  smoother 
variation  of  the  strain  along  PQ  and  RS,  and  also  in  a  narrower  band.  Because  of  the  rather  small 
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Fig.  5.  Deformed  mesh  at  =  0.0889 


value  of  the  thermal  conductivity,  the  energy  dissipation  rate  can  be  regarded  as  being 
proportional  to  the  rate  of  change  of  temperature.  Thus,  the  temperature  changes  rapidly  at 
points  within  the  band  and  slowly  at  material  points  outside  of  it.  The  energy  dissipation  rate  is 
a  little  lower  at  t  =  0.09  than  that  at  t  =  0.08  because  of  the  drop  in  the  value  of  a  caused  by 
increased  thermal  softening  of  the  material. 

Figure  9  shows  the  evolution  of  the  maximum  principal  logarithmic  strain,  the  temperature, 
the  effective  back-stress,  and  the  rate  of  dissipation  of  the  energy  density  at  or  near  the  centroid  of 
the  cross-section  for  four  different  cases,  viz.  cases  1,  4,  6,  and  7.  We  note  that  for  case  1  the 
back-stress  always  stays  at  zero.  For  case  4  the  evolution  of  the  back-stress  B  is  proportional  to 
D”,  and  for  cases  5  through  7,  the  present  value  of  the  back-stress  retards  the  evolution  of  B.  The 
value  of  C2  multiplying  B  in  its  evolution  equation  in  case  7  is  twice  that  for  case  6.  If  the  rapid 
increase  of  the  maximum  principal  logarithmic  strain  at  Xi  =  Xi  =  0.0066  is  taken  as  the 
criterion  to  decide  when  a  shear  band  initiates,  then  the  shear  band  is  delayed  by  the 
consideration  of  the  back-stress.  An  increase  in  the  value  of  Cj  results  in  the  band  forming  a  little 
sooner.  For  the  average  strain-rate  of  5000  sec“  ‘  considered  herein,  the  nondimensional  time  of 
0. 10  equals  20  microseconds.  The  evolution  of  the  temperature  at  the  origin  is  affected  less  by  the 
consideration  of  the  back-stress  and  the  values  assigned  to  Ci  and  c,  in  the  evolution  equation  for 
B.  Whereas  the  temperature  vs.  average  strain  curves  are  concave  upward  for  the  problems 
studied  herein,  those  obtained  by  Zhu  and  Batra  [14]  were  concave  downward.  In  both  cases,  the 
values  of  the  thermal  conductivity  and  the  specific  heat  were  the  same.  It  seems  that  the  curvature 
of  the  temperature  vs.  average  strain  curve  depends  upon  the  way  a  material  defect  is  modeled. 
Zhu  and  Batra  [14]  considered  a  rigid  non-heat-conducting  thin  ellipsoidal  inclusion,  which 
resulted  in  a  severe  stress  concentration  near  the  inclusion  tips,  and  the  temperature  there 
increased  sharply  in  the  beginning  and  slowly  afterward.  As  expected,  the  back-stress  is  highest 
for  case  4  and  least  for  case  1  at  any  instant  of  time.  For  each  of  the  four  cases  for  which  results  are 
plotted  in  Fig.  9,  the  energy  dissipation  rate  attains  a  peak  value  at  time  t  ^  0.075,  the  rate  for  the 
no  back-stress  case  being  always  higher  than  that  for  the  other  three  cases.  Thus,  the  rate  of 
increase  of  temperature  at  the  origin  will  decrease  for  t  ^  0.075.  This  is  not  transparent  from  the 
plots  of  the  evolution  of  the  temperature,  mainly  because  of  the  scale  used. 

We  have  plotted  in  Fig.  10  the  load  displacement  curves  for  cases  1, 4, 6  and  7,  both  with  and 
without  the  initial  temperature  perturbation.  Since  the  nondimensional  height  of  half  of  the 
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DISTANCE  FROM  0  ALONG  THE  BAND  CENTERLINE 

Fig.  6.  Variation  of  the  maximum  principal  logarithmic  strain  and  the  temperature  along  the  estimated 
centerline  OEF  of  the  band  at  different  times 


block  equals  one  and  the  block  is  being  compressed  at  a  nondimensional  average  strain-rate  of 
one  after  the  initial  rise  to  the  steady  value,  the  nondimensional  vertical  displacement  of  a  point 
on  the  top  surface  is  slightly  less  than  the  nondimensional  time.  The  applied  load  P  is  computed 
by  using  the  relation 

P  =  (^22{XuX2)dXi, 

where  X2  is  the  current  .X2-coordinate  of  a  point  on  the  top  surface  and  the  limits  of  integration 
extend  from  Xi  =  0  to  the  value  of  Xi  for  points  on  the  right  edge.  The  values  of  P  are  significantly 
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Fig.  7.  Distribution  at  different  times,  starting  with  t  =  0.02,  of  a  the  maximum  principal  logarithmic  strain, 
b  the  temperature,  c  the  effective  back-stress,  and  d  the  rate  of  dissiptation  of  the  energy  density  on  line  PQ. 
e  Estimated  centerline  OEF  of  the  band,  and  locations  of  two  transverse  lines  PQ  and  RS  perpendicular  to 
OEF.  The  curves  are  for  t  =  0.02,  0.03,  0.04,  0.05,  0.06,  0.07,  0.08,  and  0.09 


higher  than  those  of  the  effective  stress  since  the  hydrostatic  component  of  the  stress  tensor  and 
the  back-stress  make  noticeable  contributions  to  the  load.  The  upper  set  of  curves  is  obtained  by 
assuming  that  the  initial  temperature  is  uniform.  Initially,  the  applied  load  increases  almost 
linearly  in  each  case  due  to  the  linear  increase  of  the  applied  speed.  The  heating  of  the  block, 
because  of  its  plastic  deformations,  softens  it  and  the  load  required  to  deform  it  decreases.  This 
decrease  in  the  load  with  increasing  compression  of  the  block  is  more  once  a  shear  band  has 
initiated  than  when  there  is  no  band  formed.  Thus,  the  development  of  a  shear  band  results  in 
a  decrease  in  the  load  carrying  capacity  of  the  body.  The  oscillations  in  the  load  displacement 
curves  are  probably  due  to  the  inertia  forces,  and  can  be  attributed,  at  least  partially,  to  the  fact 
that  the  deformation  of  the  top  row  of  elements  is  not  homogeneous  and  the  computation  of 
tractions  at  boundary  points  is  less  accurate  as  compared  to  the  solution  within  the  block.  It  is 
very  likely  that  the  use  of  a  finer  mesh  would  decrease  the  oscillations  in  P,  but  this  could  not  be 
verified  because  of  the  limited  computational  resources  available  to  us.  Also,  a  finer  mesh  would 
improve  the  resolution  of  the  deformation  within  the  band. 


5  Conclusions 

We  have  studied  the  initiation  and  growth  of  a  shear  band  in  an  elastoviscoplastic  body 
being  deformed  in  plane  strain  compression  at  a  nominal  strain-rate  of  5  000  sec  \  The 
effect  of  inertia  forces  and  the  coupling  between  the  thermal  and  mechanical  aspects  of  the 
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Fig.  10.  The  load  displacement  curves  for  cases  1.  4,  6,  and  7.  The  upper  set  of  curves  corresponds  to  no 
temperature  perturbation. -  Case  1,  . case  4, . case  6, - case  7 


deformation  is  included  in  the  problem  formulation  and  its  solution.  The  effect  of  texture  de¬ 
velopment  on  the  ensuing  deformations  is  considered  by  including  in  the  theory  two  internal 
variables,  a  scalar  to  account  for  the  isotropic  hardening  of  the  material  and  a  symmetric  tra¬ 
celess  second-order  tensor  to  account  for  the  kinematic  hardening.  The  constitutive  theory 
used  is  due  to  Anand  and  his  co-workers  [4],  [5].  The  computed  results  show  that  the  consi¬ 
deration  of  kinematic  hardening  does  not  alter  the  qualitative  nature  of  results.  Also,  the  re¬ 
sults  agree  qualitatively  with  those  obtained  earlier  by  Batra  and  co-workers  [11],  [14],  [15], 
who  used  a  different  constitutive  relation  that  does  not  require  the  integration  with  respect 
to  time  of  the  Cauchy  stresses,  and  hence  requires  fewer  computational  resources.  Because  of 
a  lack  of  test  results  detailing  the  evolution  of  the  microstructure  within  the  band  in  plane 
strain  compression  problems,  it  is  not  clear  which  constitutive  theory  should  be  used.  Also, 
the  determination  of  the  values  of  material  parameters  in  either  theory  for  high  strain-rates 
and  elevated  temperatures  found  within  a  shear  band  is  still  an  open  problem. 
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viscoplastic  cylinder  containing  two  rigid  inclusions 
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Summary.  We  study  plane  strain  thermomechanical  deformations  of  a  hollow  circular  cylinder  containing 
two  riaid  non-heat-conducting  ellipsoidal  inclusions  placed  on  a  radial  line  symmetrically  with  respect  to  the 
center.  These  inclusions  can  be  viewed  as  precipitates  or  second  phase  particles  in  an  alloy.  The  material  of 
the  cylinder  is  presumed  to  exhibit  thermal  softening,  but  strain  and  strain-rate  hardening.  The  impact  load 
applied  on  the  inner  surface  of  the  cylinder  is  modeled  by  prescribing  a  radial  velocity  and  zero  tangential 
tractions  at  material  particles  situated  on  the  inner  surface.  Rigid  body  motion  of  the  inclusion  is  considered 
and  no  slip  condition  between  the  inclusion  and  the  cylinder  material  is  imposed. 

It  is  found  that  shear  bands  initiate  from  points  adjacent  to  inclusion  tips  near  the  inner  surface  of  the 
cylinder  and  propagate  toward  this  surface.  At  inclusion  tips  near  the  outer  surface  of  the  cylinder,  the 
maximum  principal  logarithmic  strain  and  the  temperature  are  high  and  the  effective  stress  is  low,  but  severe 
deformations  there  do  not  propagate  outward. 


1  Introduction  and  problem  formulation 

In  a  previous  paper  [1]  we  studied  the  problem  of  the  initiation  and  growth  of  shear  bands  in 
a  dynamically  loaded  and  thermally  softening  viscoplastic  cylinder  undergoing  plane  strain 
deformations.  Two  ellipsoidal  voids  placed  on  a  radial  line  symmetrically  with  respect  to  the 
center  were  taken  to  be  nucleation  sites  for  the  bands.  Here  we  study  the  same  problem,  except 
that  the  voids  are  replaced  by  rigid  inclusions.  Zhu  and  Batra  [2]  have  investigated  the  initiation 
of  shear  bands  from  inclusion  tips  embedded  at  the  centroid  of  a  square  cross-section.  However, 
the  inclusion  was  stationary  because  of  the  symmetry  of  the  deformations.  Here  each  inclusion 
can  move  in  the  radial  direction)  we  account  for  its  inertia,  and  compare  computed  results  with 
those  obtained  when  the  inclusions  are  replaced  by  voids.  This  comparison  should  reveal  which 
one  of  the  two  is  a  stronger  defect  in  the  sense  that  it  causes  the  shear  band  to  initiate  sooner. 

We  note  that  much  of  the  literature  on  shear  bands  is  given  in  the  two  papers  [1],  [2]  cited 
above,  and  refer  the  reader  to  these  papers  for  references  related  to  this  work.  The  study  of  shear 
bands  is  important,  since  they  act  as  precursors  to  shear  fractures,  and  once  a  shear  band  has 
formed  subsequent  deformations  of  the  body  occur  within  this  narrow  region  with  the  rest  of  the 
body  undergoing  very  little  deformations. 

The  geometric  configuration  for  the  problem  studied  and  the  finite  element  mesh  used  to 
analyze  it  are  shown  in  [1,  Figs.  1  and  2].  Here  the  void  of  [1]  is  replaced  by  an  identical 
non-heat-conducting  rigid  inclusion.  We  refer  the  reader  to  [1]  for  the  governing  equations, 
boundary  conditions,  constitutive  relations,  and  a  brief  description  of  the  method  used  to  solve 
the  problem.  Whereas  the  void  surface  in  [1]  was  taken  to  be  thermally  insulated  and  traction 
free,  here  we  require  that  displacements  and  surface  tractions  are  continuous  across  the 
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TIME 

Fig.  2.  Evolution  of  the  maximum  principal  logarithmic  strain,  temperature,  and  the  effective  stress  at  points 
R  Q,  R,  and  S.  Coordinates  of  these  points  in  the  stress-free  reference  configuration  are  P  (0.501 6,  0.001  8), 
Q  (0.7193,  0.003  3),  R  (0.7764,  0.003  5),  and  S  (0.9984,  0.0027). 


principal  logarithmic  strain  indicate  that  initially  severe  deformations  occur  at  points  near  both 
inclusion  tips,  but  those  at  points  near  the  right  inclusion  tip  subside  and  those  at  points  adjacent 
to  the  left  inclusion  tip  become  more  intense  and  propagate  toward  the  inner  surface.  This  is 
confirmed  by  a  plot,  given  in  Fig.  4,  of  the  deformed  mesh  embedded  in  a  small  region 
surrounding  the  inclusion.  We  note  that  this  mesh  was  not  used  to  solve  the  problem. 
Coordinates  of  node  points  for  this  mesh  in  reference  and  present  configurations  were  obtained 
from  the  coordinates  of  node  points  in  the  mesh  in  the  unstressed  reference  configuration  and  the 
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Fig.  3a -d.  Contours  of  the  maximum  principal  logarithmic  strain  at  three  different  times  and  of  the 


temperature  at  t  =  0.035 


solution  of  the  problem.  In  our  earlier  investigation  [1]  involving  a  void  where  we  have  inclusion 
now,  we  found  that  a  small  region  near  the  right  void  tip  also  deformed  severely,  but  these  intense 
deformations  did  not  propagate  to  distant  points.  The  presently  computed  results  suggest  tha 
the  temperature  rise  and  stress  drop  at  a  point  in  a  two-dimensional  problem  ^^y  make  he 
material  there  unstable,  but  this  instability  need  not  propagate  outward  from  that  point.  Perhaps 
factors  such  as  the  rates  of  temperature  nse  and  of  stress  drop,  and  the  state  of  deformation  of  e 
material  surrounding  the  point  where  the  stress  drop  occurs  are  equally  important,  too. 
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From  the  contours  of  s  and  the  deformed  mesh,  we  estimate  the  centerline  of  the  shear  band  to  be 
the  line  EF  shown  in  Fig.  3d.  The  variation  of  the  temperature  at  points  on  EF  and  of  the 
maximum  principal  logarithmic  strain  within  the  band  for  different  values  of  time  is  shown  m 
Fia.  5.  The  values  of  the  maximum  principal  logarithmic  strain  were  obtained  by  computing  its 
values  at  several  points  on  a  line  perpendicular  to  EF,  finding  the  largest  of  these  values,  and 
assigning  that  value  to  the  point  of  intersection  of  the  transverse  line  with  EF.  We  note  that 
£  varies  noticeably  at  points  on  the  transverse  line  as  depicted  below  in  Fig.  6.  As  oscillations  of 
the  rigid  inclusion  diminish,  the  strain  within  the  band  tends  to  become  uniform.  Whereas  the 
maximum  strain  occurs  at  a  point  close  to  E,  the  peak  temperature  occurs  at  a  point  on  line  EF 
that  is  slightly  away  from  E.  The  distribution,  at  different  times,  of  the  temperature  and  the 
maximum  principal  logarithmic  strain  at  points  on  line  GH  (cf.  Fig.  3  d  for  the  location  of  line 
GH)  perpendicular  to  EF  is  shown  in  Fig.  6.  The  abscissa  is  the  distance  of  a  point  from  G  along 
the  line  GH.  Whereas  the  temperature  at  material  points  on  line  GH  changes  gradually  as  one 


Fig.  6.  Variation,  at  different  times,  of  the  maximum  principal  logarithmic  strain  and  the  temperature  across 
the  shear  band 
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DISTANCE  FROM  THE  INNER  SURFACE 

Fig.  7.  Variation,  at  different  times,  of  the  maximum  principal  logarithmic  strain  and  the  temperature  on 
a  horizontal  line  tangent  to  the  inclusion  tip 


moves  along  the  line  GH,  the  strain  does  not.  The  computations  were  stopped  when  a  material 
point  had  melted.  The  melting  of  one  material  point  does  not  imply  the  failure  of  the  body  since 
the  neighboring  material  holds  it  together.  It  seems  that  the  use  of  an  adaptively  refined  mesh 
would  probably  result  in  sharper  gradients  of  temperature  and  strain  along  line  GH. 

The  distribution  of  the  maximum  principal  logarithmic  strain  and  temperature  at  points  on 
a  horizontal  line  VW  tangent  to  the  inclusion  is  exhibited  in  Fig.  7.  The  abscissa  in  the  figure 
equals  the  distance  from  the  inner  surface  of  the  cylinder  (i.e.,  point  V)  of  a  point  on  line  VW. 
Oscillations  of  the  rigid  inclusion  affect  noticeably  the  location  of  the  point  where  peak  values  of 
e  occur.  The  strain  and  temperature  at  points  near  the  left  inclusion  tip  are  higher  than  those  at 
points  near  the  right  inclusion  tip. 

Figure  8  depicts  how  the  average  pressure 
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Fig.  8.  Variation  with  time  of  the  average  pressure  acting  on  the  inner  surface  of  the  cylinder.  inclusion 
. void 


on  the  inner  surface  of  the  cylinder  varies  with  time.  In  Eq.  (5),  n  equals  the  inner  rad'us  of  e 
deformed  cylinder.  The  solid  curve  corresponds  to  the  case  of  the  rigid  inclusion  and  the  bro  en 
one  to  that  of  an  identical  void.  Note  that  essential  boundary  conditions  are  prescribed  on  the 
inner  surface,  and  the  outer  surface  is  traction  free.  If  the  shear  band  is  assumed  to  initiate  when 
the  pressure  on  the  inner  surface  drops  precipitously,  then  the  rigid  inclusion  causes  the  shear 
band  to  initiate  sooner  than  the  void  does.  Also,  the  average  pressure  in  the  cylinder  containing 
the  inclusions  stays  lower  than  that  in  the  cylinder  having  similarly  situated  voids  suggesting  that 
the  overall  stiffness  of  the  cylinder  has  been  reduced  more  for  the  rigid  inclusion  case. 


3  Conclusions 

We  have  studied  the  problem  of  the  initiation  and  growth  of  shear  bands  in  a  thermally  softening 
viscoplastic  cylinder  undergoing  plane  strain  deformations.  The  cylinder  has  two  non- 
heat-conducting  rigid  ellipsoidal  inclusions,  placed  on  a  radial  line  symmetrically  about  the 
center.  The  complete  dynamic  thermomechanical  problem,  including  the  inertia  of  the  ngi 
inclusion,  has  been  analyzed.  It  is  found  that  because  of  the  oscillations  of  the  rigid  inclusion,  the 
point  where  peak  values  of  the  maximum  principal  logarithmic  strain  occur  keeps  on  changing 
with  time.  A  shear  band  initiates  from  a  point  close  to  the  left  void  tip  and  propagates  toward  the 
inner  surface.  Even  though  the  maximum  principal  logarithmic  strain  at  a  point  near  the  ng  t 
inclusion  tip  also  increases,  these  severe  deformations  stay  confined  to  a  very  narrow  region 
surrounding  the  right  inclusion  tip.  Thus,  a  material  point  may  become  unstable  in  the  sense  that 
the  effective  stress  there  decreases  with  increasing  strain,  but  this  instability  may  not  propagate 
farther  because  either  the  state  of  deformation  of  the  material  surrounding  the  inclusion  tip  is  not 
conducive  to  that,  or  the  instability  is  not  severe  enough. 
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ANALYSIS  OF  SHEAR  BANDS  IN  DYNAMIC 
AXISYMMETRIC  COMPRESSION  OF  A 
THERMOVISCOPLASTIC  CYLINDER 
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Abstract — We  study  dynamic  axisymmetric  thermomechanical  deformations  of  a  viscoplastic  cylinder 
with  its  boundaries  assumed  to  be  thermally  insulated,  its  mantle  traction  free,  and  its  top  and  bottom 
surfaces  compressed  at  a  prescribed  rate.  We  consider  two  limiting  cases  of  the  frictional  force 
between  the  loading  device  and  the  cylinder,  i.e.  either  there  is  no  sliding  between  the  two  surfaces, 
or  there  is  smooth  contact.  It  is  found  that  the  shear  bands  initiate  much  later  when  frictional  force  is 
neglected  than  when  it  is  considered.  A  comparison  of  the  presently  computed  results  with  those  for 
the  case  when  the  body  is  assumed  to  be  deformed  in  plane  strain  compression  reveals  that  the 
initiation  of  shear  bands  is  delayed  significantly  for  the  axisymmetric  problem. 

1.  INTRODUCTION 

Zener  and  Hollomon  [1]  observed  32  /rm  wide  shear  bands  during  the  punching  of  a  hole  in  a 
low  carbon  steel  plate,  and  postulated  that  heating  caused  by  the  plastic  deformation  of  the 
material  made  it  softer  and  the  material  became  unstable  when  this  thermal  softening  equalled 
the  combined  effects  of  strain  and  strain-rate  hardening.  Subsequent  experimental  [2,  3]  and 
numerical  [4-6]  studies  have  revealed  that  shear  bands  generally  form  at  an  average  strain 
much  more  than  the  one  when  the  shear  stress  or  the  effective  stress  attains  its  peak  value. 
Backman  and  Finnegan  [7]  have  pointed  out  that  shear  bands  initiate  from  flaws,  second  phase 
particles,  or  other  material  defects  present  in  the  body  and  propagate  like  a  crack.  The 
analytical  and  numerical  studies  have  modeled  a  material  defect  by  introducing  (i)  a 
perturbation  in  temperature  or  strain-rate,  (ii)  a  geometric  imperfection  such  as  a  notch  or  a 
smooth  variation  in  the  thickness  of  the  specimen,  (iii)  a  weak  material  at  the  site  of  the 
defect,  (iv)  a  void,  or  (v)  a  rigid  inclusion.  Batra  [6]  studied  simple  shearing  deformations  of  a 
viscoplastic  body  and  found  that  large  temperature  perturbations  caused  the  shear  bands  to 
initiate  at  an  average  strain  less  than  the  one  when  the  shear  stress  attained  its  peak  value  in  a 
defect-free  body. 

Wulf  [8]  tested  7039  aluminum  cylinders  in  compression  at  average  strain-rates  of 
2000-25,000  s"'  and  observed  that  circular  cross-sections  were  deformed  into  elliptical  ones, 
and  shear  bands  formed  in  specimens  which  subsequently  failed  by  crack  propagation  along  the 
dominant  band.  Here  we  study  the  dynamic  thermomechanical  deformations  of  an  isotropic 
circular  steel  cylinder  deformed  in  compression  at  a  nominal  strain-rate  of  5000  s“',  and  model 
a  material  defect  by  introducing  a  temperature  perturbation  at  the  center  of  the  cylinder.  We 
assume  that  the  deformations  of  the  cylinder  are  axisymmetric  even  after  a  shear  band  has 
formed.  There  is  no  fracture  or  failure  criterion  included  in  our  work;  thus,  the  cylinder  can 
undergo  unlimited  deformations.  The  computed  results  show  that  shear  bands  form  much  later 
when  the  contact  surfaces  between  the  loading  device  and  the  ends  of  the  cylinder  are  modeled 
as  smooth  than  when  they  are  taken  to  be  sticking  with  each  other.  A  comparison  of  the 
present  results  with  those  when  the  body  is  assumed  to  deform  in  plane  strain  compression 
reveals  that  the  initiation  of  shear  bands  is  delayed  considerably  in  a  body  undergoing 
axisymmetric  deformations. 

2.  FORMULATION  OF  THE  PROBLEM 

A  schematic  sketch  of  the  problem  studied  is  shown  in  Fig.  1.  We  use  cylindrical  coordinates 
with  origin  at  the  center  of  the  cylinder  to  analyze  its  axisymmetric  deformations,  presume  that 
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Fig.  1.  A  schematic  sketch  of  the  problem  studied. 


it  is  made  of  a  thermally  softening  viscoplastic  matenal,  and  is  loaded  at  its  ends  by 
impulsive  load.  Because  of  the  symmetry  of  deformations  about  the  horizontal  centroi 

plane  we  analyze  deformations  of  the  upper  half  of  the  cylinder.  In  terms  of  the  Lagrangian 
P  ’  •  .  _  .^1 _ rl#a-fr\rmatinn<i  of  the  bodv  SfC 


P 


Oo 


P 


e  =  c0  +  pb(— -  l)/ (PPo). 


1 

II 

p 

(1) 

OoV  =  Div  T, 

(2) 

DivQ  +  T;  Gradv, 

(3) 

ct=-b(-^-i)i  +  2pD, 

Vpo  > 

(4) 

^(i-Fwr(i- v0). 

(5) 

‘q,  q= -A:  grade, 

(6) 

2/^  =  D:D,  D  =  D-^(trD)l, 

(7) 

ppo),  /  =  detF,  F  =  Gradx. 

(8) 

^Po 

Equations  (1),  (2),  and  (3)  express,  respectively,  the 

momentum,  and  the  balance  of  internal  energy;  equations  (4)^,  (6)2,  and  (8),  are,  respecti  e  y 
rhe^Lum;d  constitutive  relations  for  the  Cauchy  stress  a,  heat  flux  q  measured  per  unit  area 
!!; X  prese..  or  defonnod  condgurodoo.  and  .he  rate  of  change  of  .he  specfic  '".ernaUne 
e  In  equations  (l)-(8),  p  is  the  present  mass  density,  po  the  mass  density  in  the  refere 
conSgSon,  V  the  veioLy  of  a  material  particle,  the  operators  Div  and  Grad  signify  the 
divergence  and  the  gradient  operations  in  the  reference  configuration,  the  operator  grad  is  the 
Tadifnt  of  a  quantity  in  the  present  configuration,  A:B  equals  tr(AB-)  for  second  order 
Lsors  A  and  B,  and  a  superimposed  dot  indicates  the  material  time  derivative.  Furthermore, 
F  is  the  deformation  gradient,  D  the  strain-rate  tensor,  D  the  deviatoric  ^^am-rate  W 
gives  the  present  location  of  a  material  particle  that  occupied  place  X  in  the  reference 
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configuration,  T  the  first  Piola-Kirchhoff  stress  tensor,  Q  the  heat  flux  measured  per  unit  area 
in  the  reference  configuration,  6  the  temperature  rise,  Oq  is  the  yield  stress  in  a  quasistatic 
simple  compression  test,  B  is  the  bulk  modulus,  parameters  b  and  m  describe  the  strain-rate 
hardening  of  the  material,  v  characterizes  its  thermal  softening,  k  its  thermal  conductivity,  and 
c  the  specific  heat.  Defining  the  deviatoric  stress  tensor  s  by 

s  =  o  +  Bf-^-l)l-^(trD)l  =  2/iD,  (9) 

Vpo  /  3 

we  get 

Qtr(ss^))'''  =  :^(l-v0)(l  +  Wr.  (10) 

The  constitutive  relation  (4)2  with  given  by  (5)  generalizes  the  one  proposed  by  Litonski  [9] 
for  simple  shearing  deformations  of  the  material.  Batra  [10]  proposed  and  used  equation  (4)2  to 
study  the  steady-state  axisymmetric  deformations  of  a  thermoviscoplastic  target  being 
penetrated  by  a  fast  moving  rigid  cylindrical  rod,  and  it  has  been  referred  to  as  the 
Litonski— Batra  flow  rule.  Batra  and  Jayachandran  [11]  have  shown  that  the  Litonski— Batra 
flow  rule  and  those  proposed  by  Bodner  and  Partom  [12]  and  Brown  et  al.  [13],  when 
calibrated  against  a  hypothetical  compression  test  and  subsequently  used  to  study  the 
axisymmetric  steady-state  penetration  problem,  predict  essentially  identical  patterns  of  target 
deformations.  We  note  that  Bell  [14],  Lin  and  Wagoner  [15],  and  Lindholm  and  Johnson  [16] 
concluded  from  their  test  results  that  the  flow  stress  decreases  linearly  with  the  temperature 
rise  for  the  materials  they  tested. 

We  introduce  nondimensional  variables,  indicated  below  by  a  superimposed  bar,  as  follows: 
a  =  0/00.  s  =  s/00,  B  =  B/0o,  T  =  T/0o,  v  =  v/uo,  t  =  tvJH, 

\  =  xlRo,  6  =  6/60,  b  =  b{volH),  v  =  v6o,  P  =  plpo. 

6o^Oo/iPoc),  D  =  DH/vo,  i  =  IH/vo.  (11) 

Here  2H  is  the  height  of  the  cylinder,  Rq  its  radius,  and  Vq  the  imposed  speed  on  the  top  and 
bottom  surfaces.  Henceforth  we  use  nondimensional  variables  and  drop  the  superimposed  bars. 

We  study  only  axisymmetric  deformations  of  the  viscoplastic  cylinder,  and  presume  that  they 
are  symmetric  about  the  horizontal  centroidal  plane.  Pertinent  boundary  conditions  for  the 
material  in  the  first  quadrant  of  the  R-Z  plane  are: 

V,  =  0,  T^r  =  0,  Qr  =  0  on  the  axis  of  symmetry  r  =  R  =  6, 

i;,  =  0,  r,z  =  0,  Gz=0  on  z  =  Z  =  0, 

=  0,  T^r  =  0,  Qr=0  on  the  mantle  of  the  cylinder  r  =  Ro, 

v,  =  -U(t),  2z  =  0  and  either  r,.z  =  0  or  u,.  =  0,  on  the  top  surface  Z  =  H.  (12) 

That  is,  boundary  conditions  resulting  from  the  presumed  symmetry  of  deformations  are 
applied  on  the  left  and  bottom  faces,  the  mantle  of  the  cylinder  is  taken  to  be  traction  free, 
normal  velocity  is  prescribed  on  the  top  surface,  and  either  zero  radial  velocity  or  zero 
tangential  traction  is  applied  on  the  top  surface,  which  simulates  the  condition  of  no  sliding  or 
no  frictional  force  acting  between  the  loading  device  and  the  cylinder  surface.  All  bounding 
surfaces  of  the  cylinder  are  presumed  to  be  thermally  insulated  from  the  surroundings.  We  take 
the  function  U(t)  as 

U(t)  =  t/0.005,  0<t  ^0.005, 

=  1,  t>  0.005,  (13) 
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and  the  initial  conditions  as 

p(/?,  Z,  0)  =  1.0,  v(i?,  Z,  0)  =  0, 

0(7?,  Z,  0)  =  e(l-(5Yexp(-56-),  6- =  +  Z\  (14) 

Thus  the  block  is  initially  at  rest,  has  a  uniform  mass  density,  but  nonuniform  temperature 
which  is  high  at  the  origin  and  rapidly  falls  off  to  zero  as  we  move  away  from  it.  The  initial 
temperature  (14)3  models  a  material  defect  and  its  magnitude  e  at  the  origin  represents  in  some 
sense  the  strength  of  the  defect. 


3.  BRIEF  DESCRIPTION  OF  THE  SOLUTION  TECHNIQUE 

The  problem  formulated  above  is  highly  nonlinear  and  too  complicated  to  solve  analytically. 
It  is  difficult,  if  not  impossible,  to  prove  an  existence  and/or  a  uniqueness  theorem  for  it.  Here 
we  seek  an  approximate  solution  of  the  problem  numerically  by  the  finite  element  method,  and 
use  an  updated  Lagrangian  description  of  motion.  That  is,  to  find  the  deformed  configuration 
of  the  body  at  time  {t  +  A/)  we  take  its  configuration  at  time  t  as  the  reference  configuration. 
However,  the  deformations  during  this  time  interval  Ar  may  be  finite.  We  first  reduce  the 
coupled  nonlinear  partial  differential  equations  governing  the  thermomechanical  deformations 
of  the  body  to  a  set  of  coupled,  nonlinear,  and  ordinary  stiff  differential  equations  by  using  the 
Galerkin  approximation.  A  finite  element  mesh  consisting  of  3-noded  triangular  elements  with 
3-point  quadrature  rule  and  lumped  mass  matrix,  obtained  by  the  row-sum  technique,  is  used. 
At  each  node  point  of  the  finite  element  mesh,  two  components  of  the  velocity,  the 
temperature  and  the  mass  density,  are  taken  as  unknowns.  The  stiff  ordinary  differential 
equations  are  integrated  with  respect  to  time  by  using  the  backward  difference  Adam’s  method 
included  in  the  subroutine  LSODE  developed  by  Hindmarsh  [17].  The  Gear  method,  also 
included  in  LSODE,  could  not  be  used  because  of  the  limited  core  storage  available. 

We  delineate  narrow  regions  of  intense  plastic  deformation  by  using  an  adaptive  mesh 
refinement  technique  developed  by  Batra  and  Ko  [18]  and  described  in  the  Appendix.  After 
having  obtained  solution  for  a  few  time  steps  with  a  coarse  mesh,  the  mesh  is  refined  so  that 
the  integral  of  the  second  invariant  of  the  strain-rate  tensor  over  each  element  is  essentially  the 
same.  Thus,  smaller  elements  are  generated  in  regions  where  the  material  is  deforming 
severely,  and  coarser  elements  elsewhere. 

4.  COMPUTATION  AND  DISCUSSION  OF  RESULTS 

Assuming  that  the  cylinder  is  made  of  a  typical  steel,  we  assigned  the  following  values  to 
various  material  and  geometric  parameters. 

0  =  10,000  s,  CTo  =  333MPa,  A:  =  49.2  Wm-^°C-*,  m  =  0.025, 

c  =  473Jkg-‘°C-^  po  =  7800kgm-^  S  =  128  GPa, 

V  =  0.0222°C~‘,  Uo  =  25ms~‘,  // =  7?o  =  5.0  mm,  e  =  0.2.  (15) 

We  have  stated  dimensional  quantities  to  clarify  the  units  used.  Thus,  the  cylinder  is 
compressed  at  an  average  strain-rate  of  5000  s“L  For  values  given  in  (15),  0o  =  89.6°C,  and  the 
nondimensional  melting  temperature  0„  defined  as  1/v  equals  0.5027.  We  have  taken  a  rather 
large  value  of  the  thermal  softening  coefficient  v  so  as  to  reduce  the  computational  time.  It 
should  not  affect  the  qualitative  nature  of  results.  In  view  of  the  lack  of  test  data  in  a  shear 
band,  and  the  unavailability  of  detailed  information  about  the  evolution  of  a  shear  band  in  a 
compression  problem,  one  can  only  see  whether  or  not  computed  results  predict  well 
qualitatively  various  aspects  of  the  shear  band  formation. 
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Fig.  2.- — {Caption  overleaf). 
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Fig.  2.  (a)  Refined  finite  element  meshes  at  nondimensional  times  (  =  0.160,  0.190,  and  0.197  for  the 
no  slipping  case;  (b)  I  —  0.26,  0.30,  and  0.315  for  the  case  of  the  smooth  contact. 
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The  finite  element  mesh  at  time  t  =  0  had  400  uniform  triangular  elements  with  441  nodes. 
The  mesh  was  refined  when  the  second  invariant  1  of  the  deviatoric  strain-rate  tensor  at  the 
origin  equalled  5,  and  subsequently  for  every  increment  of  0.01  in  the  nondimensional 
temperature  6  at  the  specimen  center.  The  finite  element  meshes  so  generated  in  the 
configurations  at  time  f  =  0.160,  0.190,  and  0.197  when  there  is  no  slipping  allowed  at  the 
contact  surface  between  the  loading  device  and  the  cylinder  ends  are  depicted  in  Fig.  2(a). 
These  plots  discern  the  barrelling  effect  observed  in  compression  tests,  and  also  the  severely 
deforming  narrow  region.  The  strain-rate  near  the  top  right  corner  is  very  high,  too,  and  the 
elements  there  are  deformed  significantly.  However,  such  is  not  the  case  when  the  contact 
surfaces  between  the  loading  device  and  cylinder  ends  are  taken  to  be  smooth.  This  is  clear 
from  the  plots  of  the  finite  element  meshes  generated  at  time  t  =  0.26,  0.30,  and  0.315  given  in 
Fig.  2(b).  In  this  case,  the  lateral  displacement  of  material  particles  on  the  end  faces  is  more 
than  that  of  the  similarly  situated  particles  on  the  centroidal  horizontal  plane,  and  there  is  the 
reversed  barrelling  effect.  This  reversed  barrelling  was  observed  by  Wulf  [19]  in  high  strain-rate 
compression  of  titanium  and  some  titanium  alloys,  who  used  graphite  grease  to  hold  the 
specimens  and  also  as  a  lubricant.  Even  though  the  average  strain  in  the  cylinder  is  more  than 
that  with  the  no  slipping  case,  the  deformations  appear  to  be  less  intense  within  the  band.  This 
is  mainly  due  to  the  differences  in  the  deformations  of  the  region  near  the  top  right  corner  for 
the  two  cases.  To  elucidate  this,  we  have  plotted  in  Fig.  3  the  evolution  of  the  second  invariant 
I  of  the  deviatoric  strain-rate  tensor  at  the  top  right  corner.  These  plots  indicate  that  the  region 
near  the  top  right  corner  deforms  severely  when  the  loading  device  is  assumed  to  be  glued  to 
the  cylinder  ends.  Computations  with  no  temperature  perturbation  introduced  at  the  center 
showed  that  a  shear  band  initiated  from  the  top  right  corner  and  propagated  inward  when 
sticking  friction  was  considered,  but  no  such  localization  effects  were  observed  when  the 
contact  surfaces  were  taken  to  be  smooth. 

That  the  localization  of  deformation  is  significantly  delayed  for  the  axisymmetric  problem 
with  no  friction  is  evidenced  by  the  plot  in  Fig.  4(a)  of  the  evolution  of  the  second  invariant  I  of 


Average  strain 

Fig.  3.  Evolution  of  the  second  invariant  of  the  deviatoric  strain-rate  tensor  at  the  top  right  corner. 
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(a) 


(b) 


Fig.  4.  (a)  Evolution  of  the  second  invariant  of  the  deviatoric  strain-rate  tensor  at  the  centroid  of  the 
cylinder;  (b)  variation  of  the  second  invariant  of  the  deviatoric  strain-rate  tensor  at  the  cylinder  center 

with  the  temperature  there. 
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the  deviatoric  strain-rate  tensor  at  the  centroid  of  the  cylinder.  We  have  also  included  the 
corresponding  result  for  the  case  when  a  cylindrical  body  of  square  cross-section  (10  x  10  mm) 
and  made  of  the  material  of  the  circular  cylinder  studied  herein  is  deformed  in  plane  strain 
compression  at  an  average  strain-rate  of  5000  s  It  is  transparent  from  these  plots  that  the 
rapid  increase  in  the  values  of  7  occurs  at  the  lowest  value  of  the  average  strain  when  the  body 
is  deformed  in  plane  strain  compression  and  at  the  highest  value  of  the  average  strain  when  the 
deformations  are  axisymmetric  and  the  contact  surfaces  are  smooth.  Also,  during  the  time  / 
increases  rapidly,  its  rate  of  increase  seems  to  be  the  least  for  axisymmetric  deformations  with 
smooth  surfaces.  However,  when  I  at  the  cylinder  center  is  plotted  against  the  temperature 
there  [cf.  Fig.  4(b)]  the  effect  of  boundary  conditions  at  the  end  faces  is  minimal.  Since  the 
temperature  at  the  cylinder  center  increases  monotonically  until  the  material  there  melts,  the 
abscissa  represents  a  distorted  time  scale. 
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Fig,  5.  Contours  of  the  second  invariant  of  the  deviatoric  strain-rate  tensor  at  two  different  times;  (a) 
no  slipping — r  =  0,180,  0,197;  (b)  smooth  contact — 1  =  0,260,  0,315, 

The  contours  of  the  second  invariant  I  of  the  deviatoric  strain-rate  tensor  at  two  different 
times  are  plotted  in  Fig.  5(a)  for  the  case  of  no  sliding  between  the  cylinder  ends  and  the 
loading  device,  and  in  Fig.  5(b)  for  the  case  of  smooth  contact.  In  each  case  the  contours  of 
increasingly  higher  values  of  /  originate  at  points  where  the  deformation  localizes  first  and 
propagate  outward.  By  estimating  the  distance  through  which  the  ends  of  the  contour  have 
diffused  out  and  the  time  taken  to  do  so,  we  determine  the  speed  of  propagation  of  the  contour 
of  /=  10  to  be  216  m/s  for  the  one  originating  at  the  center  and  389  m/s  for  that  initiating  at 
the  top  right  comer.  However,  when  the  cylinder  ends  are  taken  to  be  smooth,  the  contour  of 
/=  10  propagates  at  313  m/s.  We  note  that  Marchand  and  Duffy  [2]  estimated  the  tentative 
speed  of  a  shear  band  to  be  either  255  or  510  m/s  depending  upon  whether  or  not  it  propagated 
in  both  directions  around  the  specimen  circumference.  The  rather  good  match  between 
the  computed  speeds  and  those  given  by  Marchand  and  Duffy,  while  gratifying,  is  really 
illusive  since  the  speed  of  propagation  of  the  shear  band  depends  upon  the  state  of  defor¬ 
mation  within  and  around  it.  We  have  not  established  any  such  correlation  between  the 
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computed  deformation  field  and  that  observed  experimentally.  We  should  study  a  3- 
dimensional  problem  in  order  to  accomplish  this. 

Figure  6  exhibits  contours  of  temperature  at  two  different  times  for  the  two  cases  studied 
herein.  For  the  case  of  sticking  surfaces,  the  temperature  at  the  top  right  corner  is  comparable 
to  that  at  the  cylinder  center,  even  though  the  initial  temperature  at  the  center  is  considerably 
higher  that  that  at  the  top  right  corner.  It  suggests  that  the  deformations  of  the  region  near  the 
top  right  comer  are  more  intense  than  those  of  the  material  near  the  center  of  the  cylinder. 

The  distribution  at  different  times  of  the  second  invariant  I  of  the  deviatoric  strain-rate 
tensor  at  points  on  the  horizontal  centroidal  axis  is  depicted  in  Fig.  7.  It  is  clear  that  the 
severely  deforming  region  adjoining  the  centroid  of  the  cylinder  becomes  narrower  as  the 
cylinder  continues  to  be  compressed.  That  the  intense  deformations  are  confined  to  a 
somewhat  narrow  band  is  evidenced  by  the  plots,  given  in  Fig.  8,  of  the  normalized  effective 
stress,  temperature,  and  the  second  invariant  /  of  the  deviatoric  strain-rate  tensor,  at  the  final 
time  considered,  on  lines  AB  and  CD  perpendicular  to  the  estimated  centerline  of  the  shear 
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Fig.  6. — (Caption  overleaf). 
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Fig.  6.  Contours  of  the  temperature  at  two  different  times:  (a)  no  slipping — f  =  0.180,  0.197;  (b) 

smooth  contact — (  =  0.260,  0.315. 

band.  A  quantity  is  normalized  with  respect  to  its  peak  value  at  points  on  AB  or  CD,  and  the 
abscissa  equals  the  distance  of  a  point  from  A  or  C.  The  centerline  of  the  shear  band  was 
determined  from  the  contours  of  the  second  invariant  I  of  the  deviatoric  strain-rate  tensor,  and 
was  assumed  to  be  made  up  of  two  line  segments  for  the  case  of  smooth  contacting  surfaces, 
and  three  line  segments  when  the  contact  surfaces  are  rough.  These  lines  are  shown  in  the 
insert  in  Fig.  8.  Note  that  the  centerline  of  the  band  changes  with  time,  which  inhibits  depicting 
results  using  3-dimensional  graphics.  The  plots  in  Fig.  8  suggest  that  a  narrow  region  around 
the  points  of  intersection  of  lines  AB  and  CD  with  the  centerline  of  the  band,  undergoes 
intense  deformations.  The  nondimensional  effective  stress,  s^,  is  defined  as 

/I  1 

s,  =  ^-tr(ssOj  =:^(l-FWr(l- v(9).  (16) 

Its  lower  values  at  points  close  to  the  centerline  of  the  band  indicate  that  thermal  softening 
there  exceeds  the  strain-rate  hardening. 

The  variation  of  the  normalized  values  of  the  second  invariant  of  the  deviatoric  strain-rate 
tensor,  effective  stress,  and  the  temperature  along  the  estimated  centerline  of  the  band,  shown 
in  Fig.  9,  indicates  that  only  a  narrow  region  near  the  center  of  the  cylinder  is  undergoing 
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Fig.  7.  Variation  of  the  second  invariant  of  the  deviatoric  strain-rate  tensor  on  the  centroidal  axis  at 
different  times;  the  time  is  indicated  on  the  curves;  (a)  no  slipping;  (b)  smooth  contact. 

intense  deformations.  When  frictional  forces  are  accounted  for,  the  material  near  the  top  right 
corner  is  also  deforming  severely.  In  this  case,  the  second  invariant  of  the  deviatoric  strain-rate 
tensor  is  higher  near  the  top  right  corner  than  that  at  the  cylinder  centroid.  We 
note  that  as  the  cylinder  is  compressed  different  material  particles  on  the  mantle  of  the  cylinder 
contact  the  loading  surface;  thus,  a  new  material  particle  is  situated  at  the  top  right  corner  as 
time  varies.  Since  the  temperature  rise  at  a  point  is  a  measure  of  the  total  energy  dissipated 
there,  less  energy  has  been  dissipated  at  points  on  the  centerline  of  the  band  that  are  away 
from  the  corners.  We  stopped  the  computations  as  soon  as  a  material  point  melted.  Even 
though  the  material  there  failed,  the  surrounding  material  provides  strength  to  the  structure 
and  the  cylinder  can  still  be  compressed  further.  However,  in  view  of  the  limited  computational 
resources  available  to  us,  this  was  not  attempted. 

Figure  10  exhibits  the  variation  with  average  strain  of  the  average  normal  traction  /„  and  the 
average  tangential  traction /J  acting  on  the  top  surface.  These  are  defined  as 

1  f"  1  f'' 

/n  = "  T  z)r  dr,  =  1  Orz{r,  z)r  dr,  (17) 

^0  ■'0  fo  -'0 

where  r^  is  the  radius  of  the  cylinder  in  the  deformed  configuration.  For  the  case  of  smooth 
surfaces  /„  decreases  gradually,  but  for  the  frictional  case  the  transients  seem  to  persist  during 
the  entire  duration  of  the  simulation.  We  note  that  the  integrands  in  equation  (17)  are 
evaluated  at  points  on  the  top  surface  for  which  z  =  z,  and  the  abscissa  in  Fig.  10  is 
proportional  to  the  vertical  displacement  of  the  top  surface.  For  the  case  of  rough  surfaces,  the 
temperature  of  material  particles  adjoining  the  top  surface  rises  noticeably  soon  after  the  load 
is  applied,  thus  making  the  material  there  softer  and  easier  to  deform.  This  accounts  for  the 
sharp  decrease  in  the  average  normal  traction  required  to  compress  the  cylinder  at  the 
prescribed  rate.  Because  of  the  increase  in  the  value  of  r^  with  time,  the  variation  of  the 
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Fig.  8. — {Caption  overleaf). 


total  load  acting  on  the  top  surface  with  time  will  be  different  from  that  off„.  It  is  interesting  to 
see  that  the  average  tangential  traction  on  the  top  cylinder  end  exceeds  the  average  normal 
traction  there  and  the  two  are  out  of  phase  with  each  other,  implying  thereby  that  /  is  not 
proportional  to  For  the  body  deformed  in  plane  strain  compression,  the  average  normal 
traction  on  the  top  surface  is  a  little  less  than  that  for  the  same  body  undergoing  axisymmetric 
deformations. 
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(b) 


Fig.  8.  Variations,  at  the  final  time  considered,  of  the  normalized  effective  stress,  temperature,  and 
the  deviatoric  strain-rate  tensor  on  two  lines  perpendicular  to  the  estimated  centerline  of  the  shear 
band:  (a)  no  slipping;  (b)  smooth  contact. 


5.  CONCLUSIONS 

We  have  studied  the  initiation  and  growth  of  shear  bands  in  a  thermally  softening  viscoplastic 
cylindrical  body  compressed  at  a  nominal  strain-rate  of  5000  s“^  It  is  presumed  that  its 
deformations  stay  axisymmetric  even  after  a  shear  band  has  formed.  The  loading  device  can 
either  slide  freely  on  the  cylinder  end,  or  does  not  slide  at  all.  A  shear  band  forms  sooner  when 
frictional  effects  are  considered  than  when  they  are  not.  Also,  a  comparison  of  the  presently 
computed  results  with  those  for  the  same  body  deformed  in  plane  strain  compression  reveals 
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(a) 


(b) 


Fig.  9.  Variation,  at  the  final  time  considered,  of  the  normalized  effective  stress,  temperature,  and  the 
deviatoric  strain-rate  tensor  on  the  estimated  centerline  of  the  shear  band:  (a)  no  slipping;  (b)  smooth 

contact. 
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Fig.  10.  Variation  with  time  of  the  average  normal  and  tangential  tractions  acting  on  the  cylinder 

ends. 

that  the  initiation  of  a  shear  band  is  significantly  delayed  in  the  body  undergoing  axisymmetric 
deformations.  For  the  case  of  no  slipping,  the  strain-rate  at  the  top  right  comer  also  increases 
significantly,  and  it  equals  or  exceeds  that  at  the  center  of  the  cylinder.  The  defo.med  shape  of 
the  cylinder  looks  like  a  barrel  when  the  loading  surface  is  assumed  to  be  glued  to  the  cylinder 
end,  and  like  a  reversed  barrel  when  the  surfaces  can  slide  freely  over  each  other.  This  agrees 
qualitatively  with  the  experimental  findings.  The  average  tangential  traction  required  to 
prevent  sliding  of  the  loading  surface  over  the  cylinder  end  exceeds  the  average  normal  traction 
there,  and  the  two  are  out  of  phase  with  each  other. 
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APPENDIX 

At  the  referee’s  suggestion,  we  describe  below  the  adaptive  mesh  refinement  technique;  the  material  is  taken  from 
Ref.  [18],  wherein  results,  including  error  norms,  for  adaptively  refined  meshes  for  a  plane  strain  problem  are 
compared  with  those  obtained  with  a  fixed  mesh. 

We  first  select  a  coarse  mesh  and  find  a  solution  of  the  problem  formulated  in  Section  2.  This  mesh  is  refined  so  that 

a,=  /dQ,  e  =  1,2,  (Al) 

is  nearly  the  same  for  each  element  Q,.  In  (Al),  n,,  equals  the  number  of  elements  in  the  coarse  mesh  and  Q,,  is  one  of 
the  elements.  Since  one  may  not  have  an  idea  where  the  solution  will  exhibit  sharp  gradients,  we  choose  the  coarse 
mesh  to  be  uniform.  The  motivation  behind  making  a,  the  same  over  each  element  Q,  is  that  within  the  region  of 
localization  of  the  deformation  values  of  I  are  very  high  as  compared  to  those  in  the  remaining  region.  Other  variables 
such  as  the  temperature  rise,  the  maximum  principal  strain,  and  the  eq  ilent  strain  which  are  also  quite  large  within 
the  band  will  be  suitable  replacements  for  I  in  equation  (Al).  The  refined  mesh  will  depend  upon  the  variable  used  in 
equation  (Al).  In  order  to  refine  the  mesh,  we  find 


d 


(A2) 


a  “r 

(A3) 

,  h, 

(A4) 

and 

1 

n  =  \.2,...,n„j.  (A5) 

*  V  I 

Here,  h^  is  the  size  of  the  element  Q,  in  the  coarse  mesh,  N,,  equals  the  number  of  elements  meeting  at  node  n,  and 
equals  the  number  of  nodes  in  the  coarse  mesh.  We  refer  to  H„  as  the  nodal  element  size  at  node  n. 

In  order  to  generate  the  new  mesh,  we  first  discretize  the  boundary  by  following  the  procedure  given  by  Cescotto 
and  Zhou  [20].  Let  AB  be  a  segment  of  the  contour  to  be  discretized,  s  the  arc  length  measured  from  point  A,  and 
and  Hg  be  nodal  element  sizes  for  nodes  located  at  points  A  and  fl,  respectively.  From  a  knowledge  of  the  values  of  H 
at  discrete  points,  corresponding  to  the  nodes  in  the  coarse  mesh,  on  AB  we  define  a  piecewise  linear  continuous 
function  H{s)  that  takes  the  previously  computed  values  at  the  node  points.  In  order  to  discretize  AB  for  the  new 
mesh,  we  start  from  point  A,  if  otherwise  we  start  from  B.  For  the  sake  of  discussion,  let  us  assume  that  A  is 

the  starting  point.  We  first  find  temporary  positions  of  nodes  on  the  segment  AB  by  using  the  following  recursive 
procedure.  Assume  that  points  1, 2, . . . ,  k  have  been  found.  Then  the  temporary  location  of  point  (it  -I- 1)  is  given  by 

i*+i=Jt+|[//(j*)-l-H(j;.„)],  (A6) 

where 

■s*+i=^t  +  W(j*).  (A7) 

Referring  to  Fig.  Al,  the  above  procedure  will  give  rise  to  the  following  four  alternatives:  a  =  6=0,  a<b,  a>b, 
a  =  b*0.  If  a  =  6  =  0,  then  the  temporary  locations  of  node  points  are  their  final  positions.  Depending  upon  whether 


A 

I - 1 - i - K 

12  3  4 


+ 

k 


k^l 


P  B 


Fig.  Al.  Discretization  of  a  boundary  segment  for  mesh  refinement. 
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Fig.  A2.  Advancing  front  and  new  element  generation. 


a  <  b  or  b  s  a,  the  node  points  2  to  p  or  2  to  p  +  1  are  moved,  the  displacement  of  a  node  being  proportional  to  the 
value  of  H  there,  so  that  either  node  p  or  node  (p  +  1)  coincides  with  B.  This  determines  the  final  positions  of  nodes 
on  the  segment  AB. 

Having  discretized  the  boundary,  we  use  the  concept  of  advancing  front  (e.g.  see  Lo  [21],  Peraire  el  al.  [22, 23],  and 
Habraken  and  Cescotto  [24])  to  generate  the  elements.  An  advancing  front  consists  of  straight  line  segments  which  are 
available  to  form  a  side  of  an  element.  Thus,  to  start  with,  it  consists  of  the  discretized  boundary.  We  choose  the 
smallest  line  segment  (say  side  AB)  connecting  the  two  adjoining  nodes,  and  determine  the  nodal  element  size 
~  {Ha  +  ‘Bb)/2  at  the  midpoint  M  of  AB.  We  set 

(0.8AB  if//,^^.8AB,  _ 

Hm _  if  0.8^£H„sl.4AB.  (A8) 

1.4AS  ifl.4AB<H„, 

and  find  point  C,  at  a  distince  <5  from  A  and  B  (cf.  Fig.  A2).  Here  AB  equals  the  length  of  segment  AB.  We  search  for 
all  nodes  on  the  active  front  that  lie  inside  the  circle  with  center  at  C,  and  radius  6,  and  order  them  according  to  their 
distance  from  C,  with  the  first  node  in  the  list  being  closest  to  C^.  At  the  end  of  this  list  are  added  points  C,,  C^,  C,, 
Cj,  and  C5,  which  lie  on  C,W  and  divide  it  into  five  equal  parts.  We  next  determine  the  first  point  C  in  the  list  that 
satisfies  the  following  three  conditions. 

(i)  Area  of  triangle  ABC  >0. 

(ii)  Sides  AC  and  BC  do  not  cut  any  of  the  existing  sides  in  the  front. 

(iii)  If  any  of  the  points  C,,  C2, .  .  .  .  C5  is  chosen,  that  point  is  not  too  close  to  the  front.  The  triangle  ABC  is  an 

element  in  the  new  mesh.  If  C  is  one  of  the  points  C,,  Cj . C5,  then  a  new  node  is  also  created.  The  advancing 

front  is  updated  by  removing  the  line  segment  AB  from  it,  and  adding  line  segments  AC  and  CB  to  it.  The  element 
generation  process  ceases  when  there  is  no  side  left  in  the  active  front. 

We  determine  the  values  of  solution  variables  at  a  newly  created  node  by  first  finding  out  to  which  element  in  the 
coarse  mesh  this  node  belongs,  and  then  finding  values  of  solution  variables  at  this  node  by  interpolation.  This  process 
and  that  of  searching  for  line  segments  and  points  in  the  aforestated  element  generation  technique  consume  a 
considerable  amount  of  CPU  time.  These  operations  are  optimized  to  some  extent  by  using  the  heap  list  algorithm 
(e.g.  see  Lohmer  [25])  for  deleting  and  inserting  new  line  segments,  and  quadtree  structures  and  linked  lists  for 
searching  line  segments  and  points  and  also  for  the  interpolation  of  solution  variables  at  the  newly  created  nodes. 

(Revision  received  3  May  1992;  accepted  7  July  1992) 
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ANALYSIS  OF  DYNAMIC  SHEAR  BANDS 
IN  AN  FCC  SINGLE  CRYSTAL 

Z.G.  Zhu  and  R.C.  Batra 

University  of  Missouri-Rolla 


Abstract -We  study  plane  strain  dynamic  thermomechanical  deformations  of  an  fee  single  crys¬ 
tal  compressed  along  the  crystallographic  direction  [010]  at  an  average  strain  rate  of  1000  sec 
Two  cases  are  studied;  one  in  which  the  plane  of  deformation  is  parallel  to  the  plane  (001)  of 
the  single  crystal,  and  another  one  with  deformation  occurring  in  the  plane  (101)  of  the  single 
crystal.  In  each  case,  the  12  slip  systems  are  aligned  symmetrically  about  the  two  centroidal  axes. 
We  assume  that  the  elastic  and  plastic  deformations  of  the  crystal  are  symmetrical  about  these 
two  axes.  The  crystal  material  is  presumed  to  exhibit  strain  hardening,  strain-rate  hardening, 
and  thermal  softening.  A  simple  combined  isotropic-kinematic  hardening  expression  for  the  crit¬ 
ical  resolved  shear  stress,  proposed  by  Weng,  is  modified  to  account  for  the  affine  thermal  soft¬ 
ening  of  the  material.  When  the  deformation  is  in  the  plane  ((X)l)  of  the  single  crystal,  four  slip 
systems  (lll)(li0),  (lH)[n0],  (lUXllO],  and  (in)[110]  are  active  in  the  sense  that  significant 
plastic  deformations  occur  along  these  slip  systems.  However,  when  the  plane  of  deformatjon 
is  parallel  to  the  plane  (101)  of  the  single  crystal,  slip  systems  (lll)[1101,  (m)[01 1],  (1 1 1)[U0], 
and  (11 1)[01 1]  are  more  active  than  the  other  eight  slip  systems.  At  an  average  strain  of  0.1C)8, 
the  maximum  angle  of  rotation  of  a  slip  system  within  a  shear  band,  about  an  axis  perpendic¬ 
ular  to  the  plane  of  deformation,  is  found  to  be  20.3°  in  the  former  case,  and  22.9°  in  the  latter. 


1.  INTRODUCTION 

One  way  to  understand  the  micromechanics  of  shear  band  formation  in  polycrystalline 
materials  is  to  study  their  initiation  and  growth  in  a  single  crystal.  Several  investigators, 
e.g.  Sawkill  and  Honeycombe  [1954],  Price  and  Kelly  [1964],  Samoto  et  al.  [1965], 
and  Chang  and  Asaro  [1981],  have  observed  regions  of  localized  shearing  in  fee  sin¬ 
gle  crystals  deformed  quasistatically.  Zekry  and  Nemat-Nasser  [1990]  have  recently 
studied  numerically  the  phenomenon  of  shear  banding  in  an  fee  single  crystal  undergo¬ 
ing  plane-strain  tensile  deformations  at  high  strain  rates.  We  refer  the  reader  to  their 
article  for  a  list  of  references  and  a  brief  outline  of  the  historical  development  of  the 
subject.  They  used  the  double  cross-slip  model  proposed  by  Koehler  [1952]  and  later 
by  Orowan  [1954]  during  the  entire  loading  history.  Here  we  study  a  similar  problem 
with  the  crystal  deformed  in  compression  rather  then  tension,  assume  that  all  12  slip  sys¬ 
tems  are  potentially  active  at  any  instant  of  loading,  use  constitutive  relation  for  the  crit¬ 
ical  shear  stress  that  is  different  from  the  one  employed  by  Zikry  and  Nemat-Nasser 
[1990],  employ  a  different  technique  to  integrate  the  system  of  equations,  and  consider 
two  loadings.  With  the  axis  of  compression  aligned  along  the  crystallographic  direction 
[010],  the  plane  of  deformation  is  taken  to  be  either  parallel  to  the  plane  (001)  or  (101) 
of  the  single  crystal. 

When  the  plane  of  deformation  is  parallel  to  the  plane  (001)  of  the  single  crystal,  a 
single  shear  band  making  an  angle  of  45°  with  the  horizontal  line  ensues  from  the  cen¬ 
troid  of  the  cross-section  and  is  reflected  back  from  the  top  loading  surface,  the  angle 
of  reflection  being  essentially  equal  to  the  angle  of  incidence.  The  slip  strains  on  the  slip 
systems  (llLfllO],  (in)[ll0],  (in)[110],  and  (in)[110]  are  high,  and  these  constitute 
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the  primary  slip  systems.  At  a  nominal  strain  of  0. 108,  the  maximum  angle  of  rotation 
of  the  crystal  lattice  in  the  central  and  reflected  bands  equal  18.54°  counterclockwise 
and  20.29°  clockwise,  respectively.  When  the  plane  of  deformation  is  parallel  to  the 
plane  (101)  of  the  single  crystal,  the  shear  band  originating  from  the  center  of  the  cross- 
section  makes  an  angle  of  39.5°  with  the  horizontal,  and  eventually  splits  into  two  bands. 
Slip  systems  (lll)[n0]  and  (lll)[0ll]  in  both  the  central  and  the  reflected  bands,  and 
slip  systems  (111)[110]  and  (iri)[011]  in  the  reflected  band  are  found  to  be  more  active 
than  other  slip  systems. 


II.  FORMULATION  OF^THE  PROBLEM 

We  use  a  set  of  fixed  rectangular  Cartesian  coordinates  to  describe  the  thermomechan¬ 
ical  deformations  of  an  fee  single  crystal  of  square  cross-section  and  compressed  along 
the  crystallographic  direction  [010]  which  is  taken  to  coincide  with  the  X3-axis.  We 
assume  that  the  Xj-x,  plane  of  deformation  is  either  parallel  to  the  plane  (001)  or  (101) 
of  the  single  crystal.  In  each  case,  the  12  slip  systems  are  aligned  symmetrically  about 
the  two  centroidal  axes.  We  presume  that  both  elastic  and  plastic  deformations  of  the 
single  crystal  are  symmetric  about  the  two  centroidal  axes,  even  after  the  band  has 
formed,  and  accordingly  study  deformations  of  the  material  in  the  first  quadrant  only. 
In  Eulerian  description,  equations  governing  the  deformations  of  the  single  crystal  are: 

The  balance  of  mass: 


P  +  PP/,/  =  0,  (1) 

The  balance  of  linear  momentum: 

PVi  = 

The  balance  of  internal  energy: 

pcS  =  -<?,,/  -I-  aijDfj,  (3) 

where  p  is  the  present  mass  density,  u,-  the  velocity  of  a  material  particle,  a  comma  fol¬ 
lowed  by  /  indicates  partial  differentiation  with  respect  to  the  present  position  x,  of  a 
material  particle,  a,y  is  the  Cauchy  stress  tensor,  a  superimposed  dot  indicates  the  mate¬ 
rial  time  derivative,  a  repeated  index  implies  summation  over  the  range  of  the  index, 
c  is  the  constant  specific  heat,  6  the  temperature  rise,  g,  the  heat  flux  per  unit  deformed 
area,  and  is  the  plastic  part  of  the  strain-rate  tensor  Z),y,  defined  as 

Dij  =  kiVij+  vjj).  (4) 

D,^  is  determined  by  the  local  plastic  slip  rate  of  all  active  slip  systems  at  a  material  par¬ 
ticle,  and  will  be  defined  later.  For  plane  strain  deformations  in  the  X1-X2  plane,  vari¬ 
ous  quantities  are  functions  of  Xi,  X2  and  time  t,  and  subscripts  ij  range  over  1  and  2. 
However,  in  the  second  term  on  the  right-hand  side  of  eqn  (3),  indices  i  and  j  extend 
to  3,  since  in  plane  strain  deformations  033  st  0  in  general,  and  D^t,  need  not  equal  zero 
during  the  plastic  deformation.  In  eqn  (3)  we  have  assumed  that  all  of  the  plastic  work¬ 
ing  is  converted  into  heating. 
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We  now  describe  the  constitutive  relations  for  high  strain-rate  finite  deformations  of 
rate-dependent  single  crystals.  We  postulate  Fourier’s  law  of  heat  conduction,  viz. 

Qi  =  -kd„,  (5) 

where  k  is  the  thermal  conductivity,  and  is  assumed  to  be  independent  of  the  deforma¬ 
tion  and  temperature  of  the  single  crystal.  We  assume  that  the  strain-rate  tensor  £),y  and 
the  spin  tensor  fVij  defined  as 


-  vj.i)  (6) 

have  additive  decompositions  into  elastic  and  plastic  parts,  viz. 

D,^D^  +  D!’,  W,=  Wfj+  (7) 

The  Cauchy  stress  rate  corotational  with  the  elastic  distortion  of  the  single  crystal  is 
assumed  to  be  related  to  the  elastic  distortion  rate  by  Hooke’s  law.  That  is, 

afj  =  (8) 

where 

afj  =  dij  +  (9) 

and  Lijk!  is  the  fourth  order  tensor  of  the  elasticities  of  the  single  crystal.  Here  we  take 
the  crystal  lattice  to  be  elastically  isotropic.  Thus, 


i-ijki  —  k6ij5/ti  +  ii(bikbji  4-  hitbjic), 

where  A  and  n  are  Lame’s  constants  for  the  crystal  material.  Recall  that  the  Jaumann 
stress  rate  Cjj  given  by 


(7,y  =  bij  +  (10) 

is  corotational  with  the  material  element.  Equations  (7),  (8),  (9),  and  (10)  result  in 


^ij  ~  kijkiiDi^i  —  Dki)  +  OjkWkj  —  W-’kOkj. 


(11) 


The  Schmid  stress  or  the  resolved  shear  stress  r  of  the  ath  slip  system  is  assumed  to 
be  related  to  the  local  Cauchy  stress  CT,y  through 


(a)  (a) 

r  =  VijOij, 


(12) 


where  the  Schmid  factor  Vjj  is  defined  as 


(a)  (a)  (a)  (a)  (a) 

Vij  =  i[binj  4-  bjrii). 


(13) 


b  and  n  being  the  unit  slip  direction  and  the  unit  normal  to  the  slip-plane  of  the  ath 
slip  system. 
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For  a  strain  rate-dependent  material  of  the  single  crystal,  the  slip  rate  of  the  ath  slip 
system  is  assumed  to  be  related  to  the  resolved  shear  stress  by  the  power  law. 


(a) 

To 


(a) 

T 

(a) 

L  Tcj 


L‘r:  J 


l/m—  1 


(cv)  (a) 

r  >  Tc, 


(14a) 


10. 


(a)  (a) 

T  < 


(14b) 


where  m  is  the  rate  sensitivity  parameter,  and  70  is  a  reference  shear  strain  rate  such 

(a)  (“>  (a)  (a) 

that  if  the  crystal  is  to  be  deformed  with  each  7^  set  equal  to  70,  then  r  =  (Pan  & 
Rice  [1983]).  When  the  resolved  shear  stress  of  the  ath  slip  system  is  below  the  critical 
resolved  shear  stress  required  to  cause  plastic  deformation  on  that  slip  system,  the 
ath  slip  system  is  taken  to  be  inactive.  The  critical  resolved  shear  stress  is  assumed  to 
be  a  function  of  the  initial  flow  stress  tq,  work  hardening,  and  the  temperature  d.  A 
simple  combined  isotropic-kinematic  hardening  expression  for  r^,  proposed  by  Weng 
[1980],  is  modified  as  follows 

/  1  (  (“3)  (aS)  (3)  I 

r’ =  |^To+  s  [g+  (1  -  g)cos\l/COs4>  ]/!(7^)''j  (1  “  (15) 

(a3) 

to  include  thermal  softening.  In  eqn  (15),  is  the  angle  between  the  slip  directions  of 

(aB)  (3) 

the  ath  and  /3  th  slip  systems,  4)  the  angle  between  their  slip  normals,  7^  the  plastic 

strain  of  the  /3th  slip  system,  h  the  strength  coefficient,  n  the  work  hardening  exponent, 
g  the  degree  of  isotropy  in  work  hardening,  and  v  the  thermal  softening  coefficient.  The 
quantity  in  the  square  bracket  represents  the  latent  hardening  coefficient,  and  the  sum¬ 
mation  index  /3  ranges  over  all  slip  systems.  Taylor’s  [1938]  isotropic  hardening  law  fol¬ 
lows  from  (15)  by  setting  g  =  1,  and  g  =  0  corresponds  to  kinematic  hardening. 

We  assume  that  the  plastic  slip  rates  7'’  of  all  active  slip  systems  at  a  material  point 
contribute  linearly  to  the  plastic  parts  of  the  strain  rate  and  spin  tensors  there  through 
the  Schmid  factor  %  and  the  antisymmetric  part  of  the  dyad  bn.  Thus, 


D- 

‘-'tj 


(a)  (a) 


„  ,  (tt)  (a) 


(16) 


where 


(«) 

Wii 


(01)  (a)  (aXa) 

iibirjj  -  bjn;). 


(17) 


The  slip  direction  b  and  the  unit  normal  n  to  the  slip  plane  are  orthogonal  unit  vectors, 
and  are  assumed  to  rotate  with  the  elastic  spin  of  the  lattice.  Thus,  their  rates  of  change 
are  given  by 


bi 


Wfjbj, 


bi  =  Wfjrxj. 


(18) 
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In  plane  strain  deformations  of  the  crystal,  the  rotation  of  a  slip  system  can  be  charac¬ 
terized  by  the  angle  change  cj>  of  the  projective  direction  of  the  slip  vector  in  the  Xi-Xj 
plane.  Using  eqns  (T)^  and  (16)2  we  obtain 


II 

II 

(a)  (a) 

-  Zj  ^ 

a 

(19) 

and  rewrite  eqns  (18)  in  the  form 

61  =  vl  -  63  cos  4>b, 

ii2  =  Vl  -  63"  sin  4>t,, 

(20) 

=  vl  -  cos  4i„, 

«2  =  Vl  -  2! 3“  sin  <j)„, 

(21) 

where  </)*  and  4>„  are,  respectively,  the  current  angles  between  the  Xi-axis  and  the  projec¬ 
tive  directions  of  the  slip  vector  and  the  slip  plane  normal  to  the  Xi-Xj  plane.  They 
equal  the  sum  of  their  initial  values  and  their  changes  with  respect  to  the  rotated  lattice. 

Scaling  stress-like  quantities  by  tq,  mass  density  by  po.  length  by  H,  time  by  H/vq, 
and  the  temperature  by  dr,  we  rewrite  the  above  equations  in  terms  of  nondimensional 
variables,  and  obtain  the  following. 

p  +  pVij  =  0,  (22) 

5pi),  =  <Jijj,  (23) 


(a)  (oc)  (a)  (a) 

pd  =  0dji  -1-  Ojj  2  VijyP  -b  a33  2  < 

(X  CC 

d,j=  (K-\G)D^k^ij^2GDij 

—  2  (2G  Vij  +  (jlikOkJ  ~  ~  <^ik^kj  +  ^ik'^kj^ 

a 

(T33  =  ~{o\\  -b  022)  ~  SA^lnp, 


(24) 


(25) 

(26) 


.  _  (a)  (“)„ 

=  ffzi  -  2  ^^21  7^. 

a 


(27) 


(a) 

yP 


■(a)' 

'  l*“*l  ' 

(0) 

T 

bl 

7o 

(or) 

(a) 

=  • 

L’'cJ 

L  T-c  J 

1/m—l 


(a)  (a) 

T  >  Te, 


(28) 


0, 


(«)  («) 
T  <  Tc, 


Tc=  1  +  S  [^+  (1 

I  0  '' 


where  the  nondimensional  variables  have  been  denoted  by  the  same  symbols  as  before. 
Henceforth  we  will  use  nondimensional  variables  only.  We  note  that  2H  equals  the 
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height  of  the  block,  Vq  the  steady  value  of  the  vertical  component  of  velocity  imposed 
on  the  top  and  bottom  surfaces,  po  is  the  mass  density  in  the  undeformed  and  unstressed 
configuration  of  the  single  crystal,  and 


dr=—,  6=—.  (30) 

PqC  To 

Furthermore,  K  and  G  equal,  respectively,  the  bulk  and  shear  moduli  of  the  single 
crystal. 

As  pointed  out  earlier,  because  of  the  presumed  symmetry  of  deformations  about  the 
horizontal  and  vertical  centroidal  axes,  we  study  deformations  of  the  material  in  the  first 
quadrant.  Hence,  boundary  conditions  that  follow  from  the  symmetry  of  deformations 
are  applied  on  the  left  and  bottom  surfaces.  Both  the  top  and  the  right  surfaces  are  taken 
to  be  thermally  insulated,  the  right  surface  is  taken  to  be  traction  free,  and  on  the  top 
surface  zero  tangential  tractions  and  a  vertical  component  Vi  of  velocity  given  by 


-^2(0 


r/0.005, 

1, 


0  <  r  <  0.005, 
t  >  0.005, 


(31) 


are  prescribed.  For  the  initial  conditions,  we  take 

p(x,0)  =  1.0,  v(x,0)  =  0,  cr(x,0)  =  0, 

^€(1  -/•2)’exp(-5r2),  /•<!, 


<p(x,0)  =  0,  0(x,O)  =  ■ 


0, 


r>  1, 


(32) 


where  -  Xi  +  xL  The  initially  nonuniform  temperature  field  represents  a  possible 
imperfection  in  the  single  crystal  and  serves  as  a  triggering  mechanism  for  the  localiza¬ 
tion  of  the  deformation. 


ril.  NUMERICAL  SOLUTION  AND  RESULTS 

The  problem  as  formulated  above  is  highly  nonlinear  and  almost  impossible  to  solve 
analytically.  We  seek  its  approximate  solution  by  the  finite  element  method.  Equa¬ 
tions  (22)  through  (25)  and  (27)  are  reduced  to  a  set  of  coupled  nonlinear  ordinary  dif¬ 
ferential  equations  by  using  the  Galerkin  approximation  (e.g.,  see  Hughes  [1987])  and 
the  lumped  mass  matrix  obtained  by  assigning  one-fourth  of  the  mass  of  each  element 
to  each  one  of  its  four  nodes.  At  each  node,  the  mass  density,  two  components  of  the 
velocity,  temperature,  three  components  an,  an,  and  an  of  the  Cauchy  stress,  and 
the  angle  characterizing  the  rotation  of  the  slip  system  are  taken  as  unknowns.  Thus, 
the  number  of  nonlinear  ordinary  differential  equations  equals  eight  times  the  number 
of  nodes.  The  coordinates  of  nodes  are  updated  after  each  time  increment.  Therefore, 
the  spatial  domain  occupied  by  the  body  and  the  shapes  of  these  elements  varies  with 
time.  The  coupled  nonlinear  ordinary  differential  equations  are  integrated  by  using  the 
backward-difference  Adams  method  included  in  the  subroutine  LSODE  taken  from  the 
package  ODEPACK  developed  by  Hestdmarsh  [1983],  and  set  ATOL  =  10~^  RTOL  = 
10~^  The  subroutine  adjusts  the  time  step  adaptively  until  a  solution  of  the  coupled 
nonlinear  ordinary  differential  equations  has  been  computed  to  the  specified  accuracy. 
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From  the  computed  solution  we  evaluated  r,  7^,  D\f\  and  at  each  quadrature 
point,  and  found  the  plastic  slip  strain  of  the  active  slip  system  by  using 

+  At)  =  7^(0  +  AtlyPit)  +  7^(?  +  At)]/2. 

The  finite  element  code  developed  earlier  by  Batra  and  Lro  [1989]  to  analyze  the  initi¬ 
ation  and  growth  of  shear  bands  in  plane  strain  compression  of  the  viscoplastic  mate¬ 
rial  was  modified  to  study  the  present  problem. 

We  assigned  the  following  values  to  various  material  and  geometric  parameters  in 
order  to  compute  numerical  results. 

A:  =  237  Wm-‘“C-',  c  =  960  J  kg-'°C-‘,  po  =  2700  kgm-^ 

G  =  27.6  GPa,  81.48  GPa,  zq  =  55  MPa,  n  =  0.52, 

(33) 

/z=  11.02  MPa,  m^0.02,  r- =  0.0222°C-',  =  5  mm, 

g  -  0.28,  t;o  =  5ms”',  e  =  1.0. 

Thus,  the  average  applied  strain  rate  equals  1000  s"',  and  Oq  =  21.2°C.  The  aforestated 
values  are  for  a  typical  single  crystal  of  aluminum,  except  that  a  rather  large  value  of 
the  thermal  softening  coefficient  v  is  used  to  reduce  the  CPU  time  required  to  initiate 
a  shear  band. 

An  aluminum  single  crystal  has  a  face-centered-cubic  lattice  structure,  which  is  char¬ 
acterized  by  four  octahedral  slip  planes  [111]  and  three  slip  directions  <110>  on  each 
plane  to  give  12  slip  systems.  Herein  all  slip  systems  are  assumed  to  be  equally  active, 
and  the  crystal  is  compressed  along  the  [010]  direction.  We  study  two  different  cases, 
namely,  when  the  plane  of  deformation  is  parallel  to  the  plane  (001)  or  the  plane  (lOl) 
of  the  single  crystal. 

We  use  the  maximum  principal  logarithmic  strain  e^,  defined  as 

ep  In  A,  = -In  A2  (34) 

to  find  the  deformation  at  a  point.  Here  Af,  Ai,  and  1  are  eigenvalues  of  the  right 
Cauchy-Green  tensor  C^g  =  or  the  left  Cauchy-Green  tensor 

where  X/  a  =  dXj/dX^yX^  being  the  coordinates  of  a  material  point  in  the  stress-free 
undeformed  configuration.  The  second  equality  in  eqn  (34)  holds  because  plastic  defor¬ 
mations  of  the  crystal  are  isochoric,  and  within  the  band  elastic  deformations  are 
minuscule. 

We  employed  a  finite  element  mesh  consisting  of  32  x  32  uniform  elements  in  the 
undeformed  configuration,  and  used  2x2  Gaussian  quadrature  rule  to  evaluate  vari¬ 
ous  integrals  numerically. 

III.l.  Results  when  the  plane  of  deformation  is  parallel 
to  the  plane  (001)  of  the  single  crystal 

Figure  1  depicts  contours  of  the  maximum  principal  logarithmic  strain  ep  for  four 
different  values  of  the  average  strain,  i.e.,  =  0.00355,  0.02755,  0.07755,  and 

0.10755.  These  suggest  that  a  shear  band,  indicated  by  higher  values  of  the  contours  of 
the  maximum  principal  logarithmic  strain  near  the  center,  originates  at  the  center  and 
propagates  along  ±45°  directions  and  is  reflected  back  from  the  top  surface,  with  the 
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Contours  of  the  maximum  principal  logarithmic  strain  at  four  different  values  of  the  average  strain,  (a)  7;,vg  =  0.00355,  (b)  =  0.02755.  (Figure  continues) 
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angle  of  reflection  being  nearly  equal  to  the  angle  of  incidence.  The  severely  deform¬ 
ing  region  narrows  down  initially,  but  then  widens,  probably  because  of  a  change  in  the 
locations  of  the  active  slip  systems.  A  closer  look  at  the  computed  results  suggests  the 
following.  In  the  beginning,  the  block  is  uniformly  deformed  elastically  and  all  slip  sys¬ 
tems  are  inactive  in  the  entire  body.  As  the  block  continues  to  be  deformed  at  the  high 
strain  rate,  the  top  part  of  the  square  cross-section  yields  first,  and  the  plastic_ defor¬ 
mation  spreads  into  the  body  to  make  four  slip  systems,  namely,  (111)[110],  (111)[110], 
(in)[110],  and  (lll)[110]  active.  It  will  be  evidenced  by  results  given  below.  The  mate¬ 
rial  surrounding  the  origin  where  the  temperature  perturbation  is  applied  also  yields  early 
due  to  the  lower  value  of  the  critical  shear  stress  of  slip  systems  at  relatively  higher  tem¬ 
perature.  The  material  adjoining  the  centroid  of  the  cross-section  undergoes  more  severe 
plastic  deformations  than  the  rest  of  the  material.  With  further  straining  of  the  block, 
the  plastic  deformation  spreads  throughout  the  body. 

The  accumulated  plastic  strain  of  each  active  slip  system  is  plotted  in  Fig.  2  at  an  aver¬ 
age  strain  of  0.10755.  It  is  clear  that  four  primary  slip  systems  (lll)[n0],  (111)[110], 
(in)[110],  and  (in)[110]  contribute  significantly  to  plastic  deformations,  that  the  max¬ 
imum  slip’ strain  equals  0.4262,  and  the  average  slip  strain  within  the  band  is  approxi¬ 
mately  0  175  These  slip  systems  are  more  favorable  to  plastic  deformation  than  the  slip 
systems  (lll)[0il],  (llDlOli],  (lilHlOl],  and  (lil)[10i]  in  the  central  band,  and 
(ni)[0il],  (lil)[011],  (lll)[10i],  and  (lli)[101]  in  the  reflected  band.  Note  that  the 
average  slip  strain  of  the  four  secondary  slip  systems  in  the  central  band  equals  0.025, 
and  that  of  the  slip  systems  in  the  reflected  band  equals  0.01.  During  the  early  stages 
of  the  shear  band  formation,  only  the  primary  slip  systems  are  active  and  contribute  to 
the  intense  plastic  deformation  within  the  band.  For  simple  compression  in  the  crystal¬ 
lographic  direction  [010]  and  plane  of  deformation  parallel  to  the  crystallographic  plane 
(001),  the  four  primary  slip  systems  are  equally  favorable  to  slip  throughout  the  load¬ 
ing  history.  However,  in  a  double-slip  model  for  a  single  crystal  employed  by  Zkry  and 
Nemat-Nasser  [1990],  the  slip  system  (111)[I01],  corresponding  to  (lll)[n_0]  in  our 
coordinate  system,  is  chosen  as  the  primary  slip  system,  and  (ni)[011]  ((111)[101]  in 
our  model)  as  the  conjugate  one.  These  two  slip  systems  are  not  equally  active,  with  the 
result  that  the  primary  slip  system  dominates  the  slip  deformation.  In  our  model,  all 
potentially  active  slip  systems  are  employed,  and  the  slip  system  becomes  active  if  its 
resolved  shear  stress  reaches  the  critical  value.  The  computed  results  show  that  all  four 
primary  slip  systems,  namely,  (111)[U0],  (111)[110],  (111)[110],  and  (111)[110]  are 
equally  active.  As  the  single  crystal  is  deformed  and  the  crystal  lattice  is  reoriented  by 
the  deformation,  other  slip  systems  become  active  as  conjugate  slip  systems  resulting  in 
multiple  gliding.  The  slip  systems  (111)[011].  (llDlOlI],  (in)[101],  and  (in)[101]  in 
the  central  band,  and  (lll)[10l],  (in)[101],  (ni)[0ll],  and  (111)[011]  in  the  reflected 
band  are  the  conjugate  slip  systems. 

Figure  3  shows  the  contours  of  the  slip-rate  of  the  slip  system  (111)[110]  at  four  dif¬ 
ferent  values  of  the  average  strain;  similar  results  hold  for  the  other  three  primary  slip 
systems.  At  an  average  strain  of  0.00355,  the  slip  rate  is  nearly  uniform  throughout  most 
of  the  single  crystal,  the  only  exception  being  near  the  block  center  where  temperature 
perturbation  is  applied,  and  near  the  top  right  corner  where  the  deformation  is  singu¬ 
lar.  With  the  continuous  compression  of  the  block,  the  region  with  an  intensive  slip  rate 
of  this  system  narrows  down  sharply  and  the  band  width  equals  nearly  the  smallest  dis¬ 
tance  between  two  adjacent  Gauss  points.  When  compared  with  the  contours  of  the  sec¬ 
ond  invariant  of  the  strain  rate  and  the  plastic  strain  rate  tensors  given  in  Fig.  5  below, 
the  slip-rate  band  of  the  primary  slip  systems  is  aligned  in  the  same  direction  as  the 
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Fig.  2.  (e)  Slip  systems:  (ill)(Oh]  and  (1U)[0111. 


global  Strain-rate  band.  Note  that  the  double  slip  model  gives  a  misorientation  between 
the  bands  of  the  primary  slip  system  and  the  global  one  due  to  the  heterogeneous  slip 
deformations  of  the  primary  and  the  secondary  slip  systems.  An  examination  of  the  slip- 
rate  band  of  the  primary  slip  system  at  four  different  values  of  the  average  strain  sug¬ 
gests  that  the  slip-rate  bands  broaden  as  the  crystal  is  deformed.  One  reason  for  this 
widening  of  the  slip-rate  band  is  that  once  plastic  deformation  occurs  within  the  slip 
bands,  the  work  hardening  raises  the  critical  shear  stress,  and  further  slip  deformation 
in  the  center  of  the  band  may  become  more  difficult  than  that  in  the  adjacent  regions. 
This  facilitates  plastic  deformation  of  the  material  adjacent  to  the  centerline  of  the  slip- 
rate  band.  Another  reason  is  that  the  lattice  of  the  single  crystal  is  reoriented  by  the 
deformation,  and  the  widening  of  the  slip-rate  band  ensures  that  the  centerline  of  the 
global  band  makes  an  angle  of  ±45°  with  the  direction  of  the  compression  loading. 

In  Fig.  4  we  have  plotted  contours  of  the  slip-rate  of  slip  systems  (lll)[0n]  and 
(in)[On]  at  average  strains  of  0.02755,  0.05755,  and  0.07755,  and  that  of  (111)[011] 
and  (111)[011]  at  average  strains  of  0.05755  and  0.07755.  The  slip  deformations  of  slip 
systems  (llljflOl]  and  (lll)[10l]  are  similar  to  that  of  (lll)[0ll].  At  early  stages  of 
deformation,  these  conjugate  slip  systems  are  inactive.  Even  when  the  primary  slip  sys¬ 
tems  give  a  severe  slip  deformation  at  an  average  strain  of  0.02755,  slip  systems 
(IlljjOn]  and  (lll)[011]  remain  inactive.  When  the  shear  bands  are  fully  formed,  the 
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Fig.  4.  (e)  Tavg  =  0.07755. 


rotation  of  the  crystal  lattice  relative  to  the  axis  of  compression  results  in  the  movement 
of  the  orientation  of  the  stress  axis  out  of  its  original  stereographic  triangle  into  the  one 
adjoining  it  on  the  stereographic  projection,  and  the  conjugate  slip  systems  become  the 
preferred  slip  systems. 

The  contours  of  the  angle  of  rotation  4>  of  the  crystal  lattice  are  given  in  Fig.  5.  Withm 
the  shear  band  passing  through  the  block  center,  the  average  angle  of  rotation  of  slip 
systems  at  a  nominal  strain  of  0.00755  is  0.6°  counterclockwise,  the  maximum  angle  of 
rotation  is  0.726°  counterclockwise,  and  the  angle  of  rotation  in  the  reflected  shear  band 
near  the  top  right  corner  of  the  block  is  0.034°  clockwise.  However,  at  a  nominal  strain 
of  0.10755,  the  values  of  the  average  and  maximum  angle  of  rotation  within  the  cen¬ 
tral  shear  band  equal,  respectively,  14.5°  and  18.54°  counterclockwise,  and  those  within 
the  reflected  band  equal  14.3°  and  20.3°  clockwise. 

The  contours  of  the  second  invariant  /  of  the  deviatoric  strain-rate  tensor  Dij,  and 
of  the  second  invariant  Ip  of  the  plastic  strain-rate  tensor  Dfj  are  exhibited  in  Fig.  6. 
The  invariants  /  and  Ip  are  defined  as 

21^  =  DijDij,  III  =  AyAy.  “  l^kk^U- 

Recall  that  =  0,  therefore  D§=D,^.  Whereas  contours  of  I  or  Ip  illustrate  how  rap¬ 
idly  material  particles  are  deforming  at  present,  those  of  the  principal  logarithmic  strain 
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Fig.  7.  (a)  Distribution  of  u,  in  the  cross-section  at  an  average  strain  of  0.07755.  (Figure  continues) 


given  in  Fig.  2  correspond  to  the  accumulated  deformation  of  a  material  element.  The 
values  of  Dj’  are  derived  from  the  plastic  straining  of  the  slip  systems.  At  an  average 
strain  of  0.02755,  the  maximum  values  of  /  and  Ip  equal  14.23  and  14.14,  respectively, 
suggesting  that  the  mesh  used  to  calculate  nodal  values  of  various  variables  can  delin¬ 
eate  the  micromechanisms  of  the  slip  deformation  of  active  slip  systems  everywhere.  The 
minimum  value  0.00425  of  Ip  indicates  that  all  of  the  material  particles  throughout  the 
cross-section  are  deforming  plastically  at  7avg  =  0.02755.  However,  at  an  average  strain 
of  0.05755,  the  maximum  values  of  4  and  /  equal  281.84  and  15.43,  respectively,  and 
the  minimum  value  of  Ip  is  zero.  The  contours  of  Ip  in  Fig.  6d  reveal  that  the  material 
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near  the  top  left  and  right  corners  and  that  near  the  bottom  right  corner  of  the  block 
is  deforming  elastically,  and  all  slip  systems  there  are  inactive.  This  unloading  of  the 
material  and  possibly  the  rather  coarse  mesh  used,  could  cause  the  significant  difference 
between  the  maximum  values  of  /  and  Ip. 

Figure  7  depicts  the  distribution,  within  the  deforming  region,  of  the  x-  and  jy-com- 
ponents  of  the  velocity  field  at  an  average  strain  of  0.07755.  It  is  clear  that  the  velocity 
field  increases  sharply  across  the  shear  band.  Note  that  in  our  formulation  the  velocity 
field  is  forced  to  stay  continuous  throughout  the  deforming  region.  Thus,  this  sharp 
change  in  the  values  of  and  Vy  may  be  construed  as  supporting  assertions  made  by 
Tresca  [1878]  and  Massey  [1921]  that  the  tangential  component  of  the  velocity  field 
is  discontinuous  across  a  shear  band. 

The  deformed  mesh  at  an  average  strain  of  0.1 1555  is  shown  in  Fig.  8  and  confirms 
the  aforestated  observations  that  a  shear  band  forms  along  a  line  passing  through  the 
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Fig.  8.  The  deformed  mesh  at  an  average  strain  of  0.11555. 


center  of  the  cross-section  and  making  an  angle  of  45®  with  the  horizontal.  The  band 
is  reflected  from  the  top  surface,  and  the  angle  of  reflection  essentially  equals  the  angle 
of  incidence.  The  severely  deformed  region  is  wider  than  that  obtained  in  previous  com¬ 
putations  involving  plane  strain  compression  of  a  homogeneous  and  isotropic  polycrys¬ 
talline  body. 

III. 2.  The  plane  of  deformation  is  parallel  to  the  plane  (lOl)  of  the  single  crystal 

Like  the  previous  case  when  the  plane  of  deformation  is  parallel  to  the  plane  (001), 
the  initial  plastic  deformations  of  the  block  are  essentially  uniformly  distributed  through¬ 
out  the  cross-section,  except  near  the  center  where  a  temperature  perturbation  is  applied. 
With  continuous  compression  of  the  block,  a  shear  band  initiates  from  the  center  and 
propagates  into  the  body.  This  is  evidenced  by  the  plots,  given  in  Fig.  9,  of  the  contours 
of  the  maximum  principal  logarithmic  strain  at  several  values  of  the  average  strain. 
Results  plotted  in  Fig.  9a  show  that  the  block  is  nearly  uniformly  deformed  at  an  aver¬ 
age  strain  of  0.00255.  However,  at  an  average  strain  of  0.02755,  a  shear  band  passing 
through  the  center  and  inclined  at  an  angle  of  approximately  39.5°  with  the  horizontal 
has  developed.  A  comparison  of  this  with  the  results  plotted  in  Fig.  1  suggests  that  the 
direction  of  the  shear  band  in  a  single  crystal  depends  upon  the  orientation  of  the  crys¬ 
tal  relative  to  the  axis  of  loading.  The  contours  of  the  maximum  principal  logarithmic 
strain  plotted  in  Figs.  9c  and  9d  at  average  strains  of  0.07755  and  0.10755  suggest  that 
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Fig.  10.  (c)  73^8  =  0.10755. 


the  band  widens  as  the  body  continues  to  be  compressed,  and  the  width  of  the  severely 
deformed  region  is  more  than  that  in  the  previous  case  discussed  in  section  III.l. 

The  contours  of  the  second  invariant  I  of  the  deviatoric  strain-rate  tensor  and  of  the 
second  invariant  4  of  the  plastic  strain-rate  tensor  are  given  in  Figs.  10  and  11,  respec¬ 
tively.  The  results  plotted  in  Fig.  10  suggest  that  initially  the  band  initiating  from  the 
centroid  of  the  cross-section  meets  the  right  traction  free  surface.  As  the  band  widens, 
another  band  reflected  from  the  top  surface  also  forms.  With  further  loading  of  the 
body,  the  band  through  the  center  of  the  cross-section  splits  into  two  parallel  bands  of 
unequal  intensity  as  measured  by  the  maximum  values  of  /in  them;  the  upper  stain-rate 
band  has  higher  intensity  of  deformation  than  the  lower  one,  and  is  reflected  back  into 
the  body  from  the  top  loading  surface.  The  lower  band  meets  the  reflected  band  and 
does  not  go  through  it,  possibly  because  of  the  higher  values  of /in  the  reflected  band. 
The  contours  of  4  in  Fig.  lid  reveal  that  a  large  region  near  the  upper  left  and  lower 
right  corners  of  the  cross-section  is  deforming  elastically  at  an  average  strain  of  0.10755. 
Since  the  body  continues  to  be  compressed  at  the  prescribed  rate,  the  unloading  in 
regions  near  the  upper  left  and  lower  right  corners  should  intensify  the  rate  of  plastic 
deformation  elsewhere. 

We  have  plotted  in  Fig.  12  the  angle  of  rotation  of  the  crystal  lattice  at  several  dif¬ 
ferent  values  of  the  average  strain.  At  a  nominal  strain  of  0.00755,  the  maximum  and 
minimum  values  of  the  angle  of  rotation  equal  1.47°  counterclockwise  and  0.08°  clock¬ 
wise.  However,  at  a  nominal  strain  of  0. 10755,  the  average  angle  of  rotation  within  the 
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central  shear  band  is  22.9°  counterclockwise,  and  in  the  reflected  band  is  17.2°  clock¬ 
wise.  These  values  indicate  that  the  crystal  lattice  undergoes  significant  rotations  within 
the  shear  band. 

The  distribution  of  the  x-  and  y-components  of  the  velocity  field  within  the  cross- 
section,  at  an  average  strain  of  0.0755,  is  plotted  in  Figs.  13a  and  13b,  respectively.  It 
is  clear  that  the  deforming  region  is  subdivided  into  several  subregions  and  the  veloc¬ 
ity  field  changes  sharply  across  boundaries  between  these  regions;  the  changes  in  and 
Uy  across  the  upper  central  band  are  more  than  those  across  the  lower  central  band. 

The  accumulated  slip  strains  in  different  slip  systems  revealed  that  the  slip  systems 
(lll)[10l]  and  (jn)[lor]  remained  inactive  throughout  the  entire  loading  history.  Slip 
systems  (111)[110]  and  (111)[011J  in  both  the  central  and  the  reflected  band,  and  slip 
systems  (1 1 1)[1 10]  and  (11 1)[01 1]  in  the  reflected  band  were  found  to  be  more  active  than 
other  slip  systems.  Figures  14  and  15  depict,  respectively,  the  contours  of  slip  strains  and 
slip  strain-rates  at  an  average  strain  of  0.10755.  At  this  value  of  the  nominal  strain,  the 
average  slip  strain  of  slip  systems  (111)[110]  and  (lll)[0n]  in  the  central  band  equals 
0.2  and  that  in  the  reflected  band  is  0.5,  and  slip  systems  (iri)[110]  and  (iri)[011]  have 
an  average  slip  strain  of  0.17  in  the  reflected  band.  Other  active  slip  systems  give  very 
small  values  of  the  slip  strains  within  the  bands.  From  contours  of  slip  strain  rates  in 
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Fig.  13.  (a)  Distribution  of  in  the  cross-section  at  an  average  strain  of  0.07755. 


Fig.  16,  we  see  that  at  an  average  strain  of  0.00255,  only  four  slip  systems,  viz., 
(111)[110],  (lll)[0n],  (in)[110],  and  (in)[011]  are  active  everywhere  in  the  block.  The 
narrow  region  with  intensive  slip-rate  deformation  for  slip  systems  (111)[110]  and 
(1 1 1)[01 1]  differs  from  that  for  slip  systems  (1 1 1)[1 10]  and  (1 1 1)[01 1],  in  contrast  with 
the  case  discussed  in  section  III.l  wherein  all  four  primary  shp  systems  are  equally  active 
in  the  same  narrow  region.  However,  the  intensity  of  slip-rates  in  the  two  narrow  regions 
seems  to  be  nearly  the  same.  Since,  in  simple  compression,  the  slip  systems  (111)[110] 
and  (11  l)[0l  1]  are  more  favorable  to  slip  than  the  other  two  primary  slip  systems,  these 
two  slip  systems  eventually  dominate  the  slip  deformation  of  the  single  crystal  and  the 
slip  systems  (in)[110]  and  (lil)[011]  become  inactive  in  the  central  bands. 
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Figure  17  exhibits  the  average  axial  stress  versus  the  average  axial  strain  for  the  two 
loading  cases  studied  herein.  The  average  axial  stress  is  obtained  by  evaluating  022  at 
quadrature  points  closest  to  the  top  surface  of  the  block  and  taking  their  average.  The 
average  axial  strain  equals  the  vertical  displacement  of  the  top  surface  divided  by  the 
initial  height  of  the  specimen.  In  the  figure  compressive  axial  stress  and  compressive  axial 
strain  are  plotted  as  positive.  For  the  second  loading  case,  the  curve  corresponding  to 
the  initial  loading  of  the  block  is  missing  because  of  the  loss  of  a  part  of  the  output  from 
the  computer  code.  For  each  loading  case,  the  transient  effects  die  out  quickly,  and  the 
average  axial  stress  decreases  monotonically  with  an  increase  in  the  average  strain 
because  the  softening  of  the  material  caused  by  its  being  heated  up  exceeds  the  combined 
hardening  due  to  strain  and  strain-rate  effects.  It  is  due  to  the  rather  large  value  of  the 
thermal  softening  coefficient  assumed  in  our  work. 
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Fig.  14.  (c)  Slip  systems  (lli)[On|  and  (111)[H01,  (d)  Slip  systems  (111)11011  and  (ni)[i0i].  (Figure  continues) 
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Fig.  14.  (e)  Slip  systems  (in)(liO)  and  (ill)(Oil). 


IV.  CONCLUSIONS 

We  have  studied  the  problem  of  the  initiation  and  growth  of  dynamic  shear  bands  in 
an  fee  single  crystal  deformed  in  simple  compression  along  the  direction  [010]  of  the 
crystal  at  a  nominal  strain-rate  of  1000  sec“'.  The  coupled  nonlinear  partial  differen¬ 
tial  equations  governing  the  dynamic  thermomechanical  plane-strain  deformations  of 
the  single  crystal  are  solved  numerically.  Two  different  cases,  namely,  when  the  plane 
of  deformation  is  parallel  to  the  plane  (001)  or  (101)  of  the  single  crystal,  are  analyzed. 
In  each  case,  the  deformations  are  assumed  to  be  symmetric  about  the  horizontal  and 
vertical  centroidal  axes,  and  all  12  slip  systems  are  taken  to  be  active.  However,  only 
those  slip  systems  for  which  the  resolved  shear  stress  equals  or  exceeds  the  critical  shear 
stress  contribute  to  the  plastic  deformation.  The  effects  of  isotropic  hardening,  kine¬ 
matic  hardening,  and  thermal  softening  are  incorporated  in  the  expression  for  the  crit¬ 
ical  shear  stress.  The  deformations  of  the  material  in  the  first  quadrant  are  examined 
closely. 

It  is  found  that  when  the  plane  of  deformation  is  parallel  to  the  plane  (001)  of  the 
single  crystal,  a  single  shear  band  originates  from  the  center  of  the  cross-section  and 
propagates  along  a  line  making  an  angle  of  45°  with  the  horizontal.  The  band  is  reflected 
back  from  the  top  loading  surface,  the  angle  of  reflection  being  nearly  equal  to  the  angle 
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Fig.  16.  (c)  Slip  systems  (II i)[liO]  and  (ill)[Oll]. 


of  incidence.  The  slip  strains  on  the  slip  systems  (lll)[nO],  (lll)[n0],  (in)[110],  and 
(lll)[110]  are  very  high,  and  these  four  slip  systems  are  the  primary  slip  systems.  The 
slip  systems  (lll)[OU],  (lll)[On],  (in)[101],  and  (lil)[10i]  in  the  central  band,  and 
slip  systems  (111)[101],  (in){101],  (ill)[011],  and  (111)[011]  in  the  reflected  band  are 
the  conjugate  slip  systems.  At  a  nominal  strain  of  0.10755,  the  average  angle  of  rota¬ 
tion  of  the  crystal  lattice  within  the  central  band  is  14.5°  counterclockwise,  its  maximum 
value  is  18.54°  counterclockwise,  the  average  angle  of  rotation  in  the  reflected  band  is 
14.3°  clockwise,  and  its  maximum  value  is  20.29°  clockwise. 

When  the  plane  of  deformation  is  parallel  to  the  plane  (lOl)  of  the  single  crystal,  the 
shear  band  originating  from  the  center  of  the  cross-section  propagates  along  the  line 
making  an  angle  of  39.5°  with  the  horizontal,  and  eventually  splits  into  two  bands.  The 
intensity  of  slip-rate  in  the  upper  band  is  higher  than  that  in  the  lower  band.  The  upper 
band  is  reflected  from  the  top  surface,  and  this  reflected  band  stops  the  lower  band  from 
reaching  the  top  surface  of  the  cross-section.  Two  slip  systems,  (111)[101]  and  (in)[10r], 
remain  inactive  throughout  the  entire  loading  history.  Slip  systems  (111)[110]  and 
(lll)[0ll]  in  both  the  central  and  the  reflected  band,  and  slip  systems  (iri)[110]  and 
(lll)[011]  in  the  reflected  band  were  found  to  be  more  active  than  other  slip  systems. 
The  average  value  of  the  angle  of  rotation  of  the  crystal  lattice,  at  a  nominal  strain  of 
0.10755,  equalled  22.9°  counterclockwise  in  the  central  band,  and  17.2°  clockwise  in  the 
reflected  band. 
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AbstracL  We  have  developed  an  adaptive  mesh  refinement  technique  that  rezones  the  given  domain  for  a  fixed  number  of 
quadrilateral  elements  such  that  fine  elements  are  generated  within  the  severely  deformed  region  and  coarse  elements  elsewhere. 
Loosely  speaking,  the  area  of  an  element  is  inversely  proponional  to  the  value  of  the  deformation  measure  at  its  centroid.  Here 
we  use  the  temperature  rise  at  a  material  point  to  gauge  its  deformations  which  is  reasonable  for  the  shear  band  problem  since 
the  material  within  the  shear  band  is  deformed  intensely  and  is  heated  up  sienificantly.  It  is  shown  that  the  proposed  mesh 
refinement  technique  is  independent  of  the  initial  starting  mesh,  and  that  theW  of  an  adaptively  refined  mesh  gives  thinner 
shear  bands,  and  sharper  temperature  rise  and  the  growth  of  the  second  invariant  of  the  plastic  strain-rate  within  the  band  as 
compared  to  that  for  a  fixed  mesh  having  the  same  number  of  nodes.  The  method  works  well  even  when  the  deformation 
IocaJi2es  into  more  than  one  narrow  region. 


1  Introduction 

Most  of  the  previous  two-dimensional  numerical  studies  of  shear  bands  have  used  a  fixed  finite 
element  mesh  (e.g.,  see  Batra  and  Liu  1989;  Needleman  1989;  Batra  and  Zhu  1991),  an  exception 
seems  to  be  the  recent  work  of  Batra  and  Ko  (1992)  who  developed  a  mesh  refinement  technique 
that  generates  fine  triangular  elements  in  the  severely  deforming  region  and  coarse  elements 
elsewhere.  They  added  more  elements  to  the  region  as  the  localization  of  the  deformation  into  a 
narrow  band  progressed.  Assuming  that  enough  core  storage  is  available  in  the  computer  being 
used,  tMs  technique  enables  one  to  resolve  sharp  gradients  of  the  deformation  within  the  severely 
deforming  region  in  as  great  a  detail  as  desired.  Of  course,  adding  new  elements  increases  the 
computational  cost,  necessitates  the  generation  of  a  new  element  topology,  and  may  eventuallv 
make  the  system  of  algebraic  equations  to  be  solved  ill-conditioned  and/or  extremelv  stiff.  Or.e 
could  circumvent  this  by  limiting  the  ratio  of  the  largest  to  the  smallest  element  in  the  mesh. 
Another  w'ay  to  refine  a  mesh  is  to  use  a  fixed  number  of  elements  and  nodes,  and  adjust  the 
locations  of  nodes  so  as  to  concentrate  fine  elements  in  the  severely  deforming  regions  and  coarse 
elements  elsewhere.  It  keeps  the  element  topology  fixed  and  thus  requires  less  bookkeeping  and 
can  be  easily  implemented  in  an  existing  code.  It  is  shown  that  the  mesh  so  generated  is  independent 
of  the  starting  mesh  and  can  adequately  delineate  the  localization  of  the  deformation  into  narrow 
bands. 

For  one-dimensional  problems.  Drew  and  Flaherty  (1984)  have  used  the  moving  grid  method 
to  develop  an  adaptive  finite  element  code  that  locates  regions  with  large  gradients  and  concen¬ 
trates  fine  elements  there  in  order  to  minimize  approximately  the  discretization  error  per  time 
step.  Perv'aiz  and  Baron  (1988)  have  discussed  an  adaptive  technique  which  refines  the  spatial 
and  or  temporal  grid  whenever  preselected  gradients  exceed  the  threshold  levels  and  have  applied 
it  to  Study  quasi-one-dimensional  unsteady  flow  problems  involving  finite  rate  chemistry.  Batra 
and  Kim  (1990)  developed  an  adaptive  mesh  refinement  technique  that  distributes  uniformly  the 
scaled  residuals  of  equations  expressing  the  balance  of  linear  momentum  and  the  balance  of 
internal  energy.  They  subdivided  elements  having  large  scaled  residuals  and  noted  that  large  values 
of  the  scaled  residuals  occurred,  in  general,  in  non-overlapping  regions.  Their  technique  did  not 
combine  elements  with  large  scaled  residuals,  and  thus  did  not  result  in  an  optimum  mesh. 
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We  refer  the  reader  to  Safjan  el  al.  (1991)  and  Zienkiewicz  and  Zhu  (1991)  for  an  extensive  list 
of  references  on  adaptive  mesh  refinement,  to  Balra  and  Zhu  (1991)  for  several  references  on 
adiabatic  shear  banding,  and  to  the  recent  book  by  Bai  and  Dodd  (1992)  for  a  summary  of  the 
work  completed  on  adiabatic  shear  banding  till  1989. 


2  Formulation  of  the  shear  band  problem 


We  study  plane  strain  thermomechanical  deformations  of  a  thermally  softening  viscoplastic 
prismatic  body  of  square  cross-section,  and  use  a  fixed  set  of  rectangular  Cartesian  coordinates 
with  origin  at  its  centroid  (see  Fig.  1).  In  terms  of  the  referential  description,  governing  equations 
are; 

(J)'  =  0,  =  pe= +  (1-3) 


where 


J  =  detF„^,  Fi„  =  x,.^ 


dxJdX,, 


(4) 


X;  is  the  present  position  of  a  material  particle  that  occupied  place  in  the  reference  configuration, 
p  its  mass  density,  it,-  its  present  velocity,  a  superimposed  dot  signifies  the  material  time  derivative, 
a  comma  followed  by  an  index  a(i)  stands  for  partial  derivative  with  respect  to  X^  (x,-),  a  repeated 
index  implies  summation  over  the  range  of  the  index,  T  is  the  first  Piola— KirchholT  stress  tensor, 
e  is  the  specific  internal  energy,  and  Q  is  the  heat  flux  per  unit  undeformed  area.  Equation  (1) 
implies  that  the  deformations  are  isochoric.  The  balance  laws  (l)-(3)  are  supplemented  by  the 
following  constitutive  relations 

a.,  =  -p5,j  +  2pD,,  in,  =  2p  =  +  blT 


1  -1--^  )  (1  -  v0),  e  =  c9, 


(5,6) 


Q,  =  X^jPj,  Pi  =-ke,i,  lA  =  ffij D,j  /  (  1  -b  ,  2Dij  =  vij  +  vjj,  21^  -  D^jD^j. 


(7,8) 


Here  <j  is  the  Cauchy  stress  tensor,  p  the  hydrostatic  pressure  not  determined  by  the  deformation 
history  of  the  material  point,  D  the  strain-rate  tensor,  the  yield  stress  of  the  material  in  a 
quasistatic  simple  tension  or  compression  test  conducted  at  the  room  temperature,  parameters  b 
and  m  characterize  the  strain-rate  sensitivity  of  the  material,  and  n  its  strain-hardening,  v  is  the 
thermal  softening  coefficient,  c  the  specific  heat,  k  the  thermal  conductivity,  and  6  equals  the 
temperature  rise  of  a  material  particle.  All  of  the  material  parameters  are  assumed  to  be  inde- 
of  thf  temperature.  Here  we  have  neglected  elastic  deformations  of  the  body  since  our 


Fig.  I.  A  schematic  sketch  of  the  problem  studied 
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interest  is  to  study  intense  plastic  deformations  within  the  shear  band.  Also,  all  of  the  plastic 
working  has  been  assumed  to  be  converted  into  heating  of  the  body. 

We  nondimensionalize  variables  by  scaling  stress  like  quantities  by  cr„,  time  by  H/v^,  length 
by  H,  and  temperature  by  the  reference  temperature  0^  defined  as  " 

Or  =  (^oUpC)-  (9) 

Here  2H  is  the  height  of  the  square  block  and  Vq  the  steady  value  of  the  velocity  applied  to  the 
top  snd  bottom  surfaces  in  the  Xi-direction.  Henceforth  we  use  nondimensional  variables  only 
and  indicate  them  by  the  same  symbols  as  those  used  for  dimensional  variables. 

We  assume  that  the  initial  and  boundary  conditions  are  such  that  the  deformations  of  the 
block  are  symmetrical  about  the  horizontal  and  vertical  centroidal  axes,  and  study  deformations 
of  the  material  in  the  first  quadrant.  We  take  all  four  surfaces  of  the  region  studied  to  be  thermally 
insulated  and  free  of  tangential  tractions.  Because  of  the  assumed  symmetry  of  deformations  the 
normal  velocity  is  zero  on  the  left  and  bottom  surfaces.  The  right  vertical  surface  is  taken  to  be 
free  of  normal  tractions  also,  and  a  uniform  vertically  downward  velocity  of  unit  magnitude  is 
applied  on  the  top  surface.  For  the  initial  conditions,  we  take 


i;i{x,0)  =  .xi,  U2(x,0)= -.\-2, 

0(x,O)  =  0,  +  e(l  r-  =  Xl  +  Xl^U 


That  is,  the  transients  have  died  out.  It  is  highly  unlikely  that  the  transients  will  die  out  simultane¬ 
ously  throughout  the  body.  However,  the  assumption  is  justified  on  the  grounds  that  it  does  not 
affect  the  qualitative  nature  of  results  and  reduces  significantly  the  CPU  effort  necessary  to  solve 
the  problem.  The  initial  temperature  distribution  (10.2)  models  a  material  inhomogeneity;  the 
height  £  of  the  temperature  bump  can  be  thought  of  as  representing  the  strength  of  the  singularity. 

The  problem  formulated  above  is  highly  nonlinear.  We  assume  that  it  has  a  solution  and  find 
its  approximation  by  the  finite  element  method.  We  use  four-noded  quadrilateral  elements,  take 
the  hydrostatic  pressure  to  be  constant  within  each  element,  and  use  2x2  Gauss  quadrature  rule 
to  evaluate  various  integrals  over  an  element,  and  the  lumped  mass  matrix  obtained  by  employing 
the  special  lumping  technique  (e.g.  see  Hughes  (1987)).  The  Galerkin  approximation  of  the 
governing  equations  gives  a  set  of  coupled  highly  nonlinear  ordinary  differential  equations  (ODEs) 
for  nodal  values  of  two  components  of  the  velocity,  temperature,  internal  variable  \l/,  and  the  values 
of  the  hydrostatic  pressure  p  within  each  element.  The  ODEs  are  integrated  by  using  the 
trapezoidal  rule,  hydrostatic  pressure  p  is  eliminated  at  the  element  level,  and  the  nonlinear 
algebraic  equations  are  solved  iteratively  by  using  one  of  the  following  two  converaence  criteria 
at  each  node  point: 


IAl-J  lAiijI  |A0|  |A(/i| 

it'-il  +  +  +  (11.1,11.2) 

Here  and  £,  are  preassigned  small  numbers,  and  A0  equals  the  difference  in  the  nodal  values  of 
e  during  two  successive  iterations  within  the  same  time  increment.  At  boundary  points  where  v, 
or  u,  is  prescribed  to  be  zero,  Eq.  (1 1.1)  is  not  valid. 


3  .Adaptive  mesh  refinement  technique 

Here  we  discuss  a  mesh  refinement  technique  in  which  the  total  number  of  elements,  nodes  and 
the  element  connectivity  are  kept  fixed.  The  nodes  are  repositioned  so  that 

^e  —  ^  e  =  1,2, ^j2) 

is  nearly  the  same  lor  each  element  In  ( 12),  //  is  a  measure  of  the  deformation  such  as  the  second 
invariant  of  the  strain-rate  tensor,  temperature  rise  0,  the  equivalent  plastic  strain,  or  the  internal 
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variable  v>,h.,  equals  the  number  of  elements  desired  in  the  mesh  and  is  one  of  the  elements. 
Our  reason  for  making  the  same  over  each  element  is  that  within  the  region  of  localization 
of  the  deformation  values'^of //  are  expected  to  be  very  high  as  compared  to  those  in  the  remaining 
retzion.  The  refined  mesh  will  depend  upon  what  deformation  measure  is  associated  with  i/;  here 
we  lake  i]  to  be  the  temperature  rise  0. 

Having  solved  the  problem  on  an  initial  me^h  we  refine  it  as  follows.  We  begin  with  either  the 
horizontaf  boundary  or  the  vertical  one  and  relocate  nodes  on  it  according  to  the  criterion 
described  below.  To  be  definite,  let  us  begin  with  the  left  vertical  edge.  After  having  repositioned 
nodes  on  it  we  do  the  same  on  the  almost  vertical  curve  that  passes  through  nodes  next  to  the  left 
vertical  side,  and  continue  the  process  till  we  reach  the  right  vertical  edge.  The  procedure  is  then 
repeated  beginning  with  the  top  or  bottom  horizontal  edge  and  going  to  the  other  end. 

Referring  to  Fig.  2,  let  AB  be  the  curve  on  which  nodes  are  to  be  relocated.  We  plot  the 
temperature  distribution  on  AB  with  abscissa  as  the  distance  of  a  point  from  A  measured  along 
AB  and  ordinate  as  the  temperature  at  that  point.  Values  of  temperature  at  numerous  points  on 
AB  are  obtained  by  linear  interpolation  from  the  values  at  node  points.  If  S  equals  the  total  area 
under  the  curve,  the  approximate  location  of  the  nth  node  on  AB  is  given  by 


where  equals  the  number  of  elements  on  AB.  We  reposition  the  node  to  the  interpolation  point 
immediately  to  the  left  of  its  approximate  location  determined  from  Eq.  ( 1 3).  In  Fig.  2c,  the  position 
of  a  node  as  found  from  Eq.  (13)  is  shown  by  a  superimposed  prime,  and  its  relocation  in  Fig.  2d 
by  superimposed  two  primes.  Since  the  end  points  on  AB  are  kept  fixed,  the  aforestated  procedure 
can  be  employed  by  starting  from  either  A  or  B.  Note  that  when  nodes  on  an  approximate 
horizontal  curve  are  relocated,  positions  of  nodes  A  and  B  will  change. 


Fig.  2.  a  Cur^e  .\B  on  which  nodes  are  to  be 
reiocated.  b  Temperature  distribution  on  curve 
AB  on  which  nodes  are  to  be  repositioned,  c 
Temporarv'  positton  on  curve  .AB  of  relocated 
nodes,  d  Repositioned  nodes  on  curve  AB 
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Fig.  3.  Relocation  of  an  interior  node  to  smoolhen  out  the  generated 
mesh  V 


The  quadrilateral  elements  produced  by  the  aforestated  simple  technique  are  not  always  well 
shaped  in  the  sense  that  one  of  the  interior  angles  may  be  either  too  small  or  too  large.  It  usually 
happens  m  regions  where  the  element  size  varies  noticeably.  We  use  the  mesh  smoothing  method 
of  Zhu  et  al  (1991)  to  improve  upon  the  shapes  of  quadrilateral  elements.  Each  internal  node  is 
repositioned  to  the  centroid  of  the  polygon  formed  by  all  of  the  elements  meeting  at  the  node.  As 
illustrated  in  i  ig.  3,  the  internal  node  i  is  moved  to  i'  with  coordinates  niven  by 


:  i  i  +  2..  +  x,)„  X-  =  (y,  +  2,.  + 


where  M  is  the  number  of  elements  sharing  node  i.  After  having  relocated  all  of  the  internal  nodes 
checked  to  see  if  all  interior  angles  of  every  element  are  between  20°  and 
160  .  If  not,  the  nodes  are  repositioned  according  to  Eq.  (14)  till  such  is  the  case.  For  the  problems 
studied  herein,  the  mesh  smoothing  procedure  had  to  be  applied  atmost  three  times  to  <^enerate 
a  satisfactory  mesh.  Because  of  the  smoothening  of  the  mesh,  the  value  of  a  defined  by  Eq  (12)  is 
only  approximately  the  same  for  all  elements  in  the  mesh 


4  Results  and  discussion 

In  order  to  illustrate  the  aforestated  mesh  refinement  technique  we  compute  results  for  the  shear 
band  problem  with  various  variables  assigned  the  following  values. 

6=  10000  sec,  v  =  0.0222  °C-\  (Tq  =  333  MPa,  k  =  49.22  Wm"  ‘  °C-\ 

c  =  473Jkg"‘ °C”S  p  =  7860kgm“^  m  =  0.025,  /i  =  0.09, 

i/''o=0.017,  H  =  5mm,  v^  =  25m/s,  s  =  0.2,  e^  =  10-^  £^  =  10-^  0o  =  O.  (15) 

These  values  except  that  for  v  are  for  a  typical  steel  and  were  also  used  by  Batra  and  Ko  (1992). 
Note  that  here  we  also  account  for  the  work  hardening  of  the  material  through  the  internal  variable 
p  —  given  in  (15)  imply  that  the  averaae  strain-rate  equals  5000sec“‘ 

U,  =  89.6  -C,  and  the  nondimensional  melting  temperature  equals  0.503.  The  higher  values  of  v  and 
e  speed  up  the  initiation  of  a  shear  band  and  cut  down  significantly  the  CPU  time  required  to 
study  the  problem  without  affecting  the  qualitative  nature  of  results.  The  test  data  to  find  values 
of  material  parameters  at  strain-rates,  strains  and  temperatures  likely  to  occur  in  a  shear  band  is 

not  currently  available,  and  a  quantitative  comparison  of  computed  results  with  test  findings  is 
still  not  feasible. 

Figure  4a  shows  the  initial  mesh  consisting  of  400  uniform  elements,  the  generated  refined 
meshes  when  the  temperature  d  at  the  centroid  equalled  0.25, 0.35.  and  0.45  are  ploned  in  Figs.  4b,  4c, 
and  4d,  respectively:  the  mesh  was  also  refined  when  6  at  the  centroid  reached  0.30  and  0.40  but 
these  are  not  depicted  m  the  figure  for  the  sake  of  brevity.  We  choose  to  refine  the  mesh  for  equal 
increments  of  the  temperature  rise.  However,  other  criteria  such  as  the  second  invariant  /  of  the 
strain-rate  tensor  attaining  certain  values,  or  equal  increments  in  the  value  of  ij/  would  be  equally 
good.  The  meshes  shown  in  Fig.  4  vividly  reveal  that  the  aforestated  refinement  technique 
generated  a  nonuniform  mesh  with  finer  elements  in  the  severely  deformed  region  and  coarse 
elements  elsewhere.  The  mesh  smoothing  criterion  (14)  had  to  be  applied  atmost  three  times  to 
1  requirement  that  the  interior  angles  of  every  quadrilateral  element  be  between  20°  and 

16U  .  We  note  that  the  mesh  generation  scheme  does  not  impose  any  restriction  on  the  ratio  of 
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Fig.  •4.  a  Initial  uniform  mesh  of  400  elements,  b-d 
when  the  temperature  at  the  center  of  the  specimen 


Finite  element  meshes  generated  by  using  the  mesh  refinement  technique 
reached  0.25.  0.35.  and  0.4? 


the  area  of  the  largest  to  that  of  the  smallest  element  in  the  mesh.  Even  though  this  did  not  cause 
an  unduly  skewed  mesh  to  be  generated  for  the  present  problem,  m 
restriction  may  be  necessary.  One  could  avoid  this  either  by  having 

mesh  or  by  adding  more  elements  at  a  few  intermediate  stages.  The  latter  would  necessitate 

creation  of  a  new  element  topology.  •  .  r  tv./. 

Fieure  5  exhibits,  in  the  deformed  configuration,  contours  of  the  «ond  mvarmn^f  of  the 
deviatoric  strain-rate  tensor  when  the  average  strain  =  0.0166,  0.0^52,  and  U.U44.  inese 
evidence  that  as  the  block  continues  to  be  deformed,  the  deformation 

narrower  band.  The  contours  of  I  in  the  deformed  configuration  at  obtained  by  using 

a  fixed  mesh  of  initially  400  uniform  elements  plotted  in  Fig.  >d  affirm  the  advantage  of  using 
adaptivelv  reLed  mesh.  Not  only  the  computed  peak  values  of  /  within  the  b-d 
the  defined  mesh,  the  width  of  the  region  of  localization  is  much  ^ 

obtained  with  a  fixed  mesh.  From  these  contours  one  can  estimate  the  band  ^  ^ 

curve  CED  shown  in  Fig.  6a.  In  Figs.  6b  and  6c,  we  have  exhibited  the  variation,  at  different  time^ 
of  the  temperature  rise  I  and  the  second  invariant  /  of  the  deviatoric  strain-rate  tensor  on  line 
that  is  perpendicular  to  the  estimated  band  centerline  and  is  shown  in  Fig.  6a.  These  plots  confirm 
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Fig.  5.  a-c  Contours  of  the  second  invariant  /  of  the  deviatoric  strain-rate  tensor  at ; ,  =  O.OI  66. 0.0352.  and  0.044  d  Contours 
of  the  second  invariant  I  of  the  deviatoric  strain-rate  tensor  at  v„,.,  =  0.044  fora  fixed  mesh  of  400  elements 


the  localization  of  the  deformation  into  a  narrow  band  as  the  block  continues  to  be  compressed. 
We  note  that  the  temperature  rise  6  is  a  measure  of  the  total  plastic  work  done  at  a  point  since 
the  final  nondimensional  time  of  0.044  equals  8.8  ^s  and  the  heat  conducted  away  from  a  point 
during  that  interval  is  indeed  minuscule.  Thus,  not  only  the  accumulated  deformation  within  the 
band  is  large,  the  material  there  is  deforming  severely  at  r  =  0.044  as  indicated  bv  the  high  values 
of  /  there. 

In  Fig.  7  we  have  plotted  for  the  fixed  uniform  mesh  and  for  the  adaptively  refined  mesh  the 
evolution  at  the  origin  of  the  temperature  rise,  the  second  invariant  I  of  the  deviatoric  strain-rate 
tensor  and  the  effective  stress  5^  defined  as 

5,  =  y^(i  -  v0)(i  +  bird  +  (16) 

It  is  clear  that  the  rates  of  growth  of  6  and  I  and  the  rate  of  drop  of  at  the  origin  are  sharper 
for  the  refined  mesh  as  compared  to  that  for  the  fixed  mesh  with  the  same  number  of  nodes. 
Computations  were  stopped  when  the  temperature  at  the  origin  reached  the  presumed  melting 
temperature  of  the  material.  There  is  no  assurance  that  the  computed  results  are  optimum  for  the 
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Fig.  7a-<-.  Evolution  at  the  origin  of  the  temperature  rise,  the  second 
invana.nt  !  of  the  deviatoric  strain-rate  tensor,  and  the  effective 
stress  for  a  fixed  mesh  and  for  an  adaptively  refined  mesh.  /  is 
labelled  as  the  effective  strain-rate  in  the  figure 


given  number  of  nodes  since  they  may  also  depend  upon  the  finite  element  basis  functions  used 
to  approximate  the  solution  of  the  problem.  For  the  refined  mesh  the  second  invariant  of  the 
eviatoric  strain-rate  tensor  at  the  origin  seems  to  reach  a  plateau  due  to  the  temperature  there 
approaching  the  melting  point  of  the  material.  Once  that  happens,  the  elective  stress  there 
vanishes.  However,  the  surrounding  material  still  contributes  to  the  strength  of  the  body. 

We  now  investigate  the  improvement,  if  any,  in  the  quality  of  the^appro.ximate  solution 
obtained  b>  refining  the  mesh  adaptively.  Since  the  analytical  solution  of  the  problem  is  unknown 
and  there  is  no  hope  of  finding  one  in  the  near  future,  we  compare  the  approximate  solution  with  a 
higher-order  approximate  solution  (Hinton  and  Campbell  1974)  obtained  bv  smoothening  out 
the  computed  solution.  Let  g  be  one  of  the  variables  to  be  smoothened.  For  the  four-noded 
quadrilateral  element,  we  write 

g{c,g)  =  a  +  ^  ct]  +  dci] 

where  (c,;/)  are  the  coordinates  of  a  point  with  respect  to  a  set  of  local  coordinate  axes,  and 
constants  a.  b.  c.  and  d  are  determined  from  the  values  of  g  at  the  four  quadrature  points  within 
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the  element.  We  use  Eq.  (17)  to  evaluate  y  at  the  vertices  of  the  quadrilateral  element.  The  value 
g*  of  the  smoolhened  solution  at  the  nth  node  is  given  by 


9n  X,  Xi  5nm’ 


(18) 


where  equals  the  number  of  elements  meeting  a\the  node  n.  and  equals  the  value  of  g  at 
the  nth  node  belonging  to  element  m.  Knowing  g*  at  each  node,  we  can  interpolate  its  value  at 
any  other  point  by  using  the  finite  element  basis  functions.  The  percentage  error  E  in  the  deviatoric 
strain-rate  tensor  D  defined  by 


te||^  +  ||D||,^ 


X  100, 


Ne, 

e  =  D-D*,  ||e||^=  ^  J 

m  =  1 


(19) 

(20.1,20.2) 
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where  N,.,  equals  the  number  of  elements  in  the  mesh,  is  plotted  in  Fig.  8.  The  error  for  the  solution 
obtained  by  using  the  adaptively  refined  mesh  is  lower  for  0.037  and  it  then  suddenly 
increases  to  match  with  that  obtained  for  the  solution  computed  by  using  a  fi.xed  mesh.  It  probably 
is  due  to  the  large  errors  caused  by  smoothening  out  of  the  approximate  solution  in  the  late  stages 
of  the  band  development  when  the  deformations  within  the  band  are  very  intense.  Balra  and  Ko 
(1992)  found  that,  contrary  to  the  intuitive  thinking,  the  error  as  given  by  Eq.  (19)  was  higher  for 
the  approximate  solution  computed  by  using  a  f?xed  mesh  of  three-noded  triangular  elements  with 
841  nodes  as  compared  to  that  for  a  similar  mesh  with  441  nodes.  They  remarked  that  the  error 
measure  (19)  is  rather  crude. 

Since  the  adaptively  refined  meshes  are  obtained  by  repositioning  the  nodes,  one  might  suspect 
that  the  solution  so  obtained  will  depend  upon  the  initial  mesh  at  time  r  =  0.  That  such  is  not  case 
is  confirmed  by  results  depicted  in  Fig.  9  and  obtained  by  using  two  different  initial  meshes,  namely, 
a  uniform  mesh  of  400  elements  and  a  nonuniform  mesh  of  400  elements  shown  in  Fig.  9a.  The 
curves  delineating  the  evolution  at  the  origin  of  the  temperature  rise,  effective  strain-rate  and  the 
effective  stress,  and  of  the  error  measure  (19)  for  the  two  solutions  essentially  coincide  with  each 
other.  We  note  that  the  error  measure  is  not  plotted  in  Fig.  9. 

In  an  attempt  to  study  the  interaction  between  bands  originating  from  two  different  locations, 
Batra  and  Liu  (1990)  introduced  two  identical  temperature  perturbations  with  their  centers 


0  0,25  0.50  0.75  1.00 

a  X, - - 


Fig.  Ila-c.  Contours  of  the  second  invariani  of  the  devialoric 
strain-rate  tensor  at  a  =  0.02.  b  ;  =  0.03.  and  c  = 

0.0?"  when  the  center  of  the  initial  temperature  bump  is 
located  at  (0.  0..'75l 
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Situated  on  the  vertical  centroidal  axis  and  equidistant  on  either  side  of  the  horizontal  centroidal 
axis.  Assuming  that  the  deformation  of  the  block  was  symmetrical  about  the  two  centroidal  axes, 
they  studied  deformations  of  the  region  in  the  first  quadrant  on^ly  and  found  that  deformation 
localized  into  regions  with  their  centerlines  forming  a  parallelogram.  We  analyzed  the  problem 
defined  in  Sect.  2  except  that  the  center  of  the  temperature  bump  (10.2)  is  now  located  at  (0, 0.375) 
rather  than  at  the  origin.  The  initial  mesh  consis|ed  of  400  uniform  quadrilateral  elements,  the 
meshes  generated  at  =  0.02,  0.03,  and  0.037  by  Using  the  mesh  refinement  technique  of  Sect.  3 
and  depicted  in  Fig.  10  show  that  fine  elements  are  generated  within  severely  deformed  regions 
and  coarse  elements  elsewhere.  The  contours  of  the  effective  strain-rate  plotted  in  Fig.  11  at 
'/avg  -  0-02,  0.03,  and  0.037  show  that  the  material  along  the  side  passing  through  the  center  of 
the  temperature  bump  and  making  an  angle  of  nearly  45°  clockwise  with  the  vertical  line  is 
deforming  more  severely  than  that  along  the  other  three  sides  of  the  parallelogram.  Similar  results 
were  obtained  by  Batra  and  Liu  (1990)  who  used  a  fixed  mesh  of  nine-noded  quadrilateral 
elements. 


5  Conclusions 

We  have  developed  an  adaptive  mesh  refinement  technique  that  generates  quadrilateral  elements 
such  that  the  integral  of  a  deformation  measure  over  an  element  is  nearly  the  same  for  all  elements 
in  the  mesh  and  all  interior  angles  of  the  elements  generated  have  values  between  20°  and  160°. 
The  technique  is  easy  to  implement  in  an  existing  code  since  it  only  repositions  the  nodes  and  does 
not  change  the  element  connectivity.  Values  of  solution  variables  at  the  relocated  nodes  are 
obtained  by  first  determining  to  which  element  in  the  previous  mesh  a  particular  node  belonged, 
and  then  interpolating  values  by  using  the  finite  element  basis  functions.  The  technique  can  be 
easily  modified  to  generate  triangular  elements  obtained  by  subdividing  a  quadrilateral  into  four 
triangles.  Adaptively  refined  meshes  when  used  to  study  the  localization  of  the  deformation  into 
narrow  bands  in  a  thermally  softening  viscoplastic  material  give  considerably  sharper  results  as 
compared  to  those  obtained  by  using  a  fixed  mesh.  Computed  results  for  the  shear  band  problem 
obtained  by  using  adaptively  refined  meshes  are  found  to  be  independent  of  the  initial  mesh  used. 
The  method  was  quite  successful  in  analyzing  the  localization  problem  in  which  the  deformation 
was  expected  to  concentrate  into  narrow  regions  around  the  sides  of  a  parallelogram. 
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Marchand  and  Duffy  tested  thin-walled  steel  tubes  in  a  split  Hopkinson  torsion  bar 
at  a  nominal  strain-rate  of  approximately  1600/s  and  could  not  determine  conclu¬ 
sively  whether  a  shear  band  initiating  at  a  point  in  the  tube  propagated  around  the 
circumference  in  one  direction  or  in  both  directions.  They  estimated  the  speed  of 
propagation  to  be  520  m/s  in  the  former  case  and  260  m/s  in  the  tatter.  Here  we 
simulate  their  test  numerically,  and  find  that  the  shear  band  propagates  in  both 
directions  around  the  circumference  of  the  tube.  When  the  tube  is  twisted  at  a 
nominal  strain-rate  of  5000/s,  the  band  speed  varies  from  180  m/s  at  the  site  of  the 
initiation  to  approximately  1000  m/s  at  the  nearly  diametrically  opposite  point.  The 
band  speed  increases  with  an  increase  in  the  nominal  strain-rate.  The  material  defect 
is  modeled  by  assuming  that  a  small  region  near  the  center  of  the  tubular  surface 
is  made  of  a  material  weaker  than  that  of  the  rest  of  the  tube. 


1  Introduction 

Duffy  and  his  co-workers  (Marchand  and  Duffy,  1988;  Har¬ 
tley  et  al.,  1987)  have  twisted  thin-walled  tubular  steel  speci¬ 
mens  in  a  split  Hopkinson  bar  at  a  nominal  strain-rate  of 
approximately  1600/s  to  study  the  initiation,  development,  and 
propagation  of  shear  bands.  Several  investigators,  e.g.,  Mol- 
inari  and  Clifton  (1987),  Wright  and  Walter  (1987),  Batra 
(1992),  Wu  and  Freund  (1984),  have  analyzed  one-dimensional 
simple  shearing  problems  to  delineate  factors  that  influence 
the  initiation  and  growth  of  shear  bands.  Two-dimensional 
plane  strain  and  axisymmetric  problems  have  been  studied 
numerically  by  Batra  and  Zhu  (1991),  Batra  and  Zhang  (1990), 
Anand  et  al.  (1988),  and  Batra  and  Ko  (1992,  1993).  Zbib  and 
Jubran  (1992)  have  recently  studied  numerically  a  three-di¬ 
mensional  problem  involving  the  development  of  shear  bands 
in  a  steel  bar  pulled  in  tension.  Among  the  studies  enumerated 
above,  Batra  and  Zhu  (1991)  estimated  the  speed  of  propa¬ 
gation  of  the  contours  of  maximum  principal  logarithmic  strain 
in  a  steel  block  deformed  in  plane  strain  compression.  They 
found  that  the  speed  depended  upon  the  magnitude  of  the 
strain  and  the  state  of  deformation  of  the  material  into  which 
the  contours  propagated.  Batra  and  Ko  (1992)  have  developed 
an  adaptive  mesh  refinement  technique  that  generates  small 
elements  in  the  severely  deforming  region  and  coarse  elements 
elsewhere. 

Here  we  study  numerically  the  three-dimensional  dynamic 
thermomechanical  deformations  of  4340  steel  thin  tube  twisted 
in  a  split  Hopkinson  bar  at  nominal  strain-rates  of  1000/s, 
5000/s,  and  25000/s.  It  is  found  that  the  increase  in  the  nominal 
strain-rate  delays  the  initiation  of  the  shear  band  originating 
from  the  site  of  the  weaker  material,  and  the  speed  of  prop¬ 
agation  of  the  band,  taken  here  to  be  the  same  as  the  speed 
of  propagation  of  the  contour  of  the  effective  plastic  strain  of 
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two,  increases  with  an  increase  in  the  nominal  strain-rate.  At 
a  nominal  strain-rate  of  1000/s,  the  band  propagates  in  both 
directions  around  the  circumference,  and  its  speed  increases 
from  40  m/s  at  the  site  of  initiation  of  the  band  to  260  m/s 
by  the  time  it  has  traversed  an  angular  distance  of  150  deg. 

2  Formulation  of  the  Problem 

We  study  dynamic,  adiabatic  thermomechanical  deforma¬ 
tions  of  a  thin-walled  tube  governed  by  the  following  balance 
laws  of  mass,  linear  momentum  and  internal  energy  written 
in  the  spatial  description. 

p-l-pdivv  =  0,  (1) 

pv=divcr,  (2) 

pe=tr(a'D),  (3) 

where 

D  = -^  (grad  v-h  (grad  v)^),  (4) 

is  the  strain-rate  tensor,  p  the  mass  density,  v  the  present 
velocity  of  a  material  particle,  <r  the  Cauchy  stress  tensor,  e 
the  specific  internal  energy,  and  a  superimposed  dot  indicates 
the  material  time  derivative,  in  Eq.  (3)  we  have  neglected  the 
effect  of  heat  conduction  thus  presuming  that  the  deformations 
are  locally  adiabatic.  In  view  of  the  rather  short  time,  of  the 
order  of  a  millisecond,  needed  for  the  band  to  form,  this 
assumption  is  reasonable  except  possibly  for  copper  whose 
thermal  conductivity  is  greater  than  ten  times  that  of  steel. 
Also  during  the  late  stages  of  the  shear  band  development 
when  severe  temperature  gradients  have  developed,  heat  con¬ 
duction  probably  plays  a  crucial  role  in  determining  the  band 
width.  For  the  simple  shearing  problem,  Batra  and  Kim  (1991) 
have  shown  that  the  band-width  decreases  with  a  decrease  in 
the  value  of  the  thermal  conductivity;  however,  no  simple 
relation  e.xists  between  the  band-width  and  the  thermal  con- 
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ductivity.  In  Eq.  (3)  we  have  also  assumed  that  all  of  the  plastic 
working,  rather  than  90  to  95  percent,  as  asserted  by  ^5' 
and  Quinney  (1925),  and  Sulijoadlkusumo  and  Dillon  (1979) 

is  converted  into  heating.  _  . 

We  assume  that  the  material  of  the  tube  is  isotropic  and  tor 

its  constitutive  relations,  we  take 
(r=-pl-fs,  = 


a  =  ff  +  (rW^-W<r,  W  (grad  v  -  (grad  vf),  (6) 
I=2m(D-D^,  triy  =  0,  D  =  D-0rrD^l.  (7) 

e=cd-p^A'j.  (8) 

Here  AT  is  the  bulk  modulus  of  the  material  of  the  tube,  po  its 
mass  density  in  the  stress-free  reference  configuration,  p  the 
shear  modulus,  and  c  the  specific  heat.  Furthermore,  c  denotes 
the  J aumann  derivative  o  f  the  spin  tensor ,  s  the  deviatoric 

Cauchy  stress  tensor_^and  D  the  deviatoric  strain-rate  tensor. 
The  deviatoric  part  of  the  plastic  strain-rate  tensor  is  as¬ 
sumed  to  be  given  by 

D'’  =  ^s,  ,  (9) 

T=(A+By;)(l+Dlny,)(l-T"'}.  7p= 


6-do 


(11) 


Here  equals  the  effective  plastic  strain  rate,  yp  the  effective 
plastic  strain,  r  the  equivalent  stress,  do  the  room  temperature, 
d„  the  melting  temperature  of  the  material,  and  A,  B,  n,  D, 
and  m  are  material  parameters.  Equation  (9)  was  proposed  by 
Johnson  and  Cook  (1983)  based  upon  the  torsion  tests  of  thin 
tubular  specimens  conducted  at  different  strain-rates  and  tem¬ 
peratures.  However,  the  range  of  temperatures  and  strain-rates 
studied  is  not  close  to  that  likely  to  occur  in  a  shear  band 
problem.  For  the  initial  conditions  we  take 

(t(x,  0)  =  0,  p(x,  0)  =  po,  v(x,  0)  =  0,  6(x,0)  =  do.  (12) 

That  is,  the  body  is  initially  at  rest,  is  stress  free  at  a  uniform 
temperature  do,  and  the  initial  mass  density  of  every  material 
point  is  pq.  For  the  boundary  conditions,  we  take 

a  n  =  0  on  the  inner  and  outer  surfaces  of  the  tube,  (13) 

v(x„X2,  0,  r)=0,  (14) 

y(Xu  X2,  L,  (15) 

grad0-n  =  O  on  all  bounding  surfaces,  (16) 

where  n  is  a  unit  outward  normal  to  the  surface, « is  the  anguto 
speed  of  the  end  surface  x-i  =  L  of  the  tube,  and  e  is  a  unit 
vector  in  the  surface  Xo  =  L  and  is  perpendicular  to  a  radial 
line.  The  boundary  condition  (16)  is  consistent  with  the  as¬ 
sumption  that  the  deformations  of  the  tube  are  locally  adi¬ 
abatic.  The  end  ;C3  =  0  of  the  tube  is  kept  fixed  while  the  other 
end  is  twisted  at  an  angular  speed  £*)(/).  We  assume  that 


ojQ  r/20, 

tPOi 


0<f<20  fis, 
t>20  fis. 


(17) 


where  oio  is  the  steady  value  of  the  angular  speed  on  the  end 
surface  Xj  =  L.  The  rise  time  of  20  ps  is  typical  for  torsional 
tests  done  in  a  split  Hopkinson  bar. 
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3  Computation  and  Discussion  of  Results 

In  order  to  compute  numerical  results  we  assigned  following 
values  to  various  material  and  geometric  parameters. 

p  =  7860  kg/m\  p  =  76  GPa,  fl„=  1520°C,  c  =  473  J/kg“C, 

0o  =  25°C,  H  =  792.19  MPa,  S  =  509.51  MPa,  D  =  0.014, 
n  =  0.26,  m  =  1.03,  Tube  thickness  =  0.38  mm. 

Inner  radius  of  the  tube  =  4.75  mm, 
axial  length  of  the  tube  =  2.5  mm.  (18) 

The  values  of  material  parameters  for  the  4340  steel  in  the 
Johnson-Cook  model  are  taken  from  Rajendran  (1992).  The 
thickness  of  the  tube,  its  inner  radius  and  its  gage  length  cor¬ 
respond  to  that  used  by  Marchand  and  Duffy  (1988)  in  their 
tests.  The  value  of  the  angular  speed  cjq  was  varied  so  as  to 
produce  the  desired  nominal  strain-rate. 

The  aforestated  problem  was  solved  by  using  the  explicit 
large  scale  finite  element  code  DYNA3D  (Whirley  and  Ha- 
llquist,  1991).  The  code  computes  the  size  of  the  time  step 
based  on  the  Courant  condition  thereby  ensuring  the  stability 
of  the  computed  solution.  For  the  parameters  listed  above,  the 
computed  shear  stress  versus  nominal  shear  strain  curves  for 
the  4340  steel  tube  twisted  at  nominal  strain-rates  of  1000/s, 
5000/s,  and  25000/s  are  depicted  in  Fig.  1.  It  is  clear  that 
softening  of  the  material  because  of  its  being  heated  up  over¬ 
comes  its  hardening  due  to  strain  and  strain-rate  effects  at 
nominal  strains  of  0.64,  0.67,  and  0.78,  respectively. 

The  finite  element  mesh  consisted  of  8-noded  brick  elements 
with  30  elements  along  the  gage  length  of  the  tube,  4  elements 
across  the  thickness,  and  80  elements  along  the  circumference. 
A  material  defect  was  modeled  by  presuming  that  the  yield 
stress  in  a  quasistatic  simple  compression  test  for  the  material 
in  the  region  consisting  of  two  rows  of  four  elements  through 
the  thickness  and  located  near  the  center  of  the  gage  length 


Fig.  2(a) 
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Fig.  2(C) 


respectively. 
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was  10  percent  lower  than  that  of  the  rest  of  the  material.  It 
was  accomplished  by  reducing  the  aforelisted  values  of  A  and 
B  by  10  percent.  The  two  weak  elements  as  seen  from  the  front 
are  shown  as  shaded  in  Fig.  2(a). 

Figure  2  depicts  the  deformed  meshes  at  time  r  =  140  /is,  180 
iii,  200  fi$,  220  ^iS,  and  240  fis  for  the  tube  twisted  at  an  average 
strain-rate  of  5000/s.  The  initially  vertical  lines  on  the  outer 
surface  of  the  untwisted  tube  correspond  to  the  lines  scribed 
on  the  outer  surface  of  the  tube  and  parallel  to  its  axis  in 
Marchand  and  Duffy’s  (1988)  experiments.  The  tangent  of  the 
angle  through  which  one  of  these  lines  rotates  clockwise  at  a 
point  is  a  measure  of  the  shear  strain  induced  there.  At  /=  140 
fjiS,  from  the  front  view  of  the  deformed  mesh  shown  in  Fig. 
2(<z),  one  can  conclude  that  the  weaker  region  has  been  de¬ 
formed  more  than  the  rest  of  the  body  and  deformations  every¬ 
where  except  in  the  small  weaker  region  are  essentially 
homogeneous.  In  each  of  Figs.  2(b)  through  Fig.  2(e),  the 
top,  middle,  and  bottom  pictures  depict  the  deformed  meshes 
as  seen  from  the  front,  right  side,  and  the  back.  At  /=  180  /is 
(cf.  Fig.  2(b))  the  severe  deformations  initiating  from  the 
weaker  region  have  propagated  along  the  circumference  of  the 
tube.  However,  views  from  the  side  and  the  back  reveal  that 
these  intense  deformations  are  confined  to  a  small  arc  length 
around  the  weak  region.  At  /  =  200  /xs  (Fig.  2(c))  and  220  fis 
(Fig.  2(d) ) ,  the  severe  deformations  have  propagated  further 
along  the  circumference,  but  the  views  from  the  back  indicate 
that  they  have  not  progressed  all  around  the  circumference. 
At  i  =  240  iis  (Fig.  2(e)),  a  thin  narrow  region  near  the  middle 
of  the  tube  and  all  around  its  circumference  htis  undergone 
significant  deformations.  The  deformed  shapes  of  initial  ver¬ 
tical  lines  match  closely  with  those  reported  by  Marchand  and 
Duffy  (1988).  Notice  that  only  one  element  near  the  center  of 
the  tube  has  been  distorted  severely.  The  deformed  shapes  of 
initially  vertical  lines  outside  of  this  element  are  virtually 
straight  and  parallel  to  each  other  implying  thereby  that  the 
material  there  is  deforming  homogeneously.  Once  a  shear  band 
has  formed  across  the  circumference  of  the  tube,  the  material 
for  subsequent  deformations  is  divided  into  three  regions;  the 
lower  one  adjoining  the  fixed  end  remains  essentially  station¬ 
ary,  the  middle  one  consisting  of  one  element  which  undergoes 
nearly  all  of  the  deformations,  and  the  upper  one  adjoining 
the  moving  end  which  rotates  as  a  rigid  body.  These  results 
are  similar  to  those  obtained  by  Batra  and  Kim  (1992)  who 
analyzed  simple  shearing  deformations  of  a  viscoplastic  block 
and  studied  the  problem  for  twelve  different  materials.  In  the 
present  work,  the  deformations  were  found  to  be  uniform 
through  the  thickness  of  the  tube. 

In  order  to  delineate  funher  whether  a  shear  band  propagates 
in  one  direction  or  in  both  directions  along  the  circumference 
of  the  tube  and  to  determine  its  speed  of  propagation,  we  have 
plotted  in  Figs.  3(a) ,  3(b) ,  and  3(c)  the  evolution  of  the  effective 
plastic  strain  at  several  points  along  the  circumference  of  the 
tube  being  twisted  at  nominal  strain-rates  of  1000  s"',  5000 
s~‘,  and  25000  s~‘,  respectively.  The  angular  location  of  these 
points  is  also  shown  in  the  figures.  These  points  are  on  the 
circumference  passing  through  point  A  which  is  at  the  center 
of  the  band  in  the  weak  region.  We  note  that  the  curves  cor¬ 
responding  to  points  B  and  H,  C  and  G,  and  D  and  F  coincide 
with  each  other  implying  thereby  that  the  material  instability 
inidating  from  point  A  propagates  in  both  direcdons  along  the 
circumference  at  the  same  speed.  Since  the  lengths  of  circular 
segments  AB,  BC,  CD,  and  DE  are  equal  to  each  other,  unequal 
horizontal  distance  between  the  curves  for  points  B  and  C,  C 
and  D,  and  D  and  E  suggests  that  the  speed  of  propagation  is 
a  funcdon  of  the  angular  position  d  and  hence  of  the  state  of 
deformation  at  a  material  point.  At  a  nominal  strain-rate  of 
lOOO/s,  the  curve  for  point  E  is  parallel  to  that  for  points  B, 
C,  and  D  but  such  is  not  the  case  at  nominal  strain-rates  of 
50(X3/ s  and  25000/s.  An  explanation  for  this  could  be  that  there 
is  a  strong  interaction  between  the  circumferentially  propagat- 
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Fig.  3{b) 


Fig.  3<c) 

Fig.  3  Evolution  of  the  effective  plastic  strain  at  several  points  along 
the  circumference  of  the  tube,  (a)  70  =  1000/5,  (b)  70  =  5000/s,  (c)  70  = 
25000/s. 


ing  disturbances  meedng  at  point  E  at  the  higher  strain-rates. 
We  note  that  Batra  (1988)  pointed  out  that  inertia  forces  begin 
playing  a  noticeable  role  in  the  simple  shearing  problem  at  a 
nominal  strain-rate  of  50(X)/s.  _  - 

In  Fig.  3  the  curves  depicting  the  evoludon  of  the  effecdve 
plastic  strain  at  points  A,  B,  C,  and  D  after  the  shear  band 
has  initiated  stay  essendally  parallel  to  each  other  suggesdng 
that  the  speed  of  propagation  of  different  strain  levels  is  nearly 
the  same.  In  order  to  illustrate  the  spatial  variation  of  the 
speed  of  propagation  of  the  shear  band,  we  concentrate  on 
how  the  strain  level  7^  =  2  propagates  along  the  circumference. 
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Fig.  Mb) 

Fig.  4  Variation  of  the  band  speed  with  the  angular  position,  (a)  70  = 
1000/s,  (b)  70  =  5000/s,  and  25000/s. 

The  speed  of  propagation  of  7^  =  2  was  determined  by  dividing 
the  arc  length  joining  the  centroids  of  two  adjoining  elements 
by  the  time  taken  for  7^  to  equal  2  at  these  points.  The  value 
of  band  speed  so  computed  was  assigned  to  the  midpoint  of 
the  arc  length  joining  the  centroids  of  the  abutting  elements. 
As  evidenced  in  Figs.  4(a)  and  4(b),  the  band  speed  varies 
significantly  along  the  circumference  of  the  tube  and  at  a  point 
increases  with  the  nominal  strain-rate.  At  a  nominal  strain- 
rate  of  25000/s,  the  band  speed  increases  from  750  m/s  at 
point  A  to  1700  m/s  at  a  point  150  deg  along  the  circumference 
through  A.  However,  at  a  nominal  strain-rate  of  1000/s,  the 
band  speed  varies  from  40  ra/s  to  260  m/s  between  the  same 
two  points.  Thus,  the  band  speed  is  a  function  of  the  angular 
position,  and  hence  of  the  state  of  deformation  at  a  point. 

The  evolution  of  the  homologous  temperature  at  points  A 
through  H  at  the  three  nominal  strain-rates  studied  is  depiaed 
in  Fig.  5.  The  homologous  temperature  of  a  material  point  is 
defined  as  its  absolute  temperature  divided  by  the  melting 
temperature  of  the  material.  Since  deformations  have  been 
assumed  to  be  locally  adiabatic,  the  temperature  rise  at  a  point 
is  proportional  to  the  energy  dissipated  there.  As  for  the  ev¬ 
olution  of  the  effective  plastic  strain-rate,  the  curves  for  the 
evolution  of  the  temperature  at  points  B,  C,  and  D  coincide 
with  those  for  points  H,  G,  and  F,  respectively.  At  the  nominal 
strain-rate  of  1000/s  the  curves  for  points  B,  C,  D,  and  E  are 
parallel  to  each  other,  but  at  the  higher  strain-rates  of  5000/ 
s  and  25000/s  curves  for  points  B,  C,  and  D  only  are  parallel 
to  each  other. 

The  torque  required  to  twist  the  tube  as  a  function  of  the 
nominal  strain  is  plotted  in  Fig.  6.  The  value  of  the  torque  was 


(6) 


Fig.  5  Evolution  of  the  homologous  temperature  at  several  points  along 
the  circumference  of  the  tube,  (a)  70  =  1000/s,  (b)  70  =  5000/s,  (c)  70  = 
2S000/S. 

determined  from  the  shear  stresses  computed  at  numerous  points 
on  the  end  face  of  the  tube.  Since  the  radius  of  a  material  point 
and  hence  the  tube  thickness  remains  essentially  unchanged 
during  the  deformations  of  the  tube,  the  ordinate  can  also  be 
interpreted  as  the  nominal  shear  stress.  The  torque  first  in¬ 
creases  linearly  because  of  the  elastic  deformations  of  the  tube, 
and  subsequently  increases  slowly  when  plastic  deformations 
of  the  tube  are  predominant.  The  peak  value  of  the  torque 
increases  with  the  increase  in  the  nominal  strain-rate,  however 
the  increase  in  the  peak  value  of  the  torque  is  less  when  the 
nominal  strain-rate  is  increased  from  5000/s  to  25000/s  than 
when  it  is  increased  from  1000/s  to  5000/s.  For  each  one  01 
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Fig.  6  Torque  required  to  twist  the  tube  versus  the  nominal  strairr 


Fig,  7  Effective  plastic  strain  versus  the  homoiogous  temperature  at 
the  band  center  for  the  three  values  of  the  nominal  strain-rate  studied 


these  three  values  of  the  nominal  strain-rates,  the  torque  versus 
nominal  shear  strain  curve  follows  that  for  the  homogeneous 
tube  well  beyond  the  peak  value  of  the  torque.  Similar  obser¬ 
vation  was  first  made  by  Wright  and  Batra  (1985)  who  studied 
a  simple  shearing  problem.  The  precipitous  drop  in  the  torque 
signifies  the  initiation  of  a  shear  band,  and  suggests  that  a  shear 
band  initiates  at  nominal  strains  of  0.80,0.84,  and  0.94  for 
7o=  1000/s,  5000/s,  and  25000/s,  respectively.  These  values  of 
the  nominal  strains  equal  essentially  those  in  Fig.  3  at  which 
the  effeaive  plastic  strain  at  point  A  begins  to  increase  sharply. 
This  sudden  drop  in  the  torque,  and  thus  the  load  carrying 
capacity  of  the  tube,  was  also  observed  by  Marchand  and  Duffy 
(1988)  in  their  tests.  Thus,  the  nominal  strain  at  which  a  shear 
band  initiates  increases  with  an  increase  in  the  value  of  the 
nominal  strain-rate.  The  incremental  increase  in  the  value  of 
the  nominal  strain  at  the  initiation  of  the  shear  band  is  more 
when  the  nominal  strain-rate  is  increased  from  5000/ s  to  25000/ 
s  than  that  when  it  is  increased  from  l(X)0/s  to  5000/s.  How¬ 
ever,  in  every  case  the  rate  of  drop  of  the  torque  appears  to 
be  nearly  the  same.  From  Fig.  5  we  see  that  the  homologous 
temperature  at  point  A  at  the  instant  of  the  precipitous  ^op 
in  the  torque  equals  0.35,  0.48,  and  0.65  for  70=  1000/s,  5000/ 
s,  and  25000/s,  respectively.  For  each  one  of  the  three  values 
of  7o,  the  homologous  temperature  at  point  A  begins  to  rise 
sharply  prior  to  the  initiation  of  the  shear  band. 

Batra  and  Ko  (1993)  studied  the  development  of  a  shear 
band  in  a  cylindrical  block  undergoing  either  axisymmetric  or 
plane  strain  deformations.  They  found  that  the  nominal  axial 
strain  at  the  initiation  of  the  shear  band  was  significantly  more 
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Fig.  8  Distribution,  at  different  times,  of  the  effective  plastic  strain 
along  an  axial  line 

for  axisymmetric  deformations  as  compared  to  that  for  plane 
strain  deformations.  However,  in  both  cases,  the  temperature 
at  the  band  center  was  nearly  the  same  when  the  band  initiated. 
They  thus  stated  that  the  temperature  at  the  band  center  rather 
than  the  nominal  strain  was  a  better  indicator  of  when  a  shear 
band  initiates.  The  observation  made  above  that  the  homol¬ 
ogous  temperature  at  the  band  center  equalled  0.35,  0.48,  and 
0.65  for  7o=  1000/s,  5000/s,  and  25000/s  respectively  implies 
that  the  homologous  temperature  is  not  necessarily  a  good 
indicator  of  when  a  shear  band  initiates.  Nevertheless,  we  have 
plotted  in  Fig.  7  the  effective  plastic  strain  versus  the  homol¬ 
ogous  temperature  at  the  band  center  at  point  A  for  the  three 
nominal  strain-rates  studied.  It  is  clear  that  the  three  curves 
essentially  coincide  with  each  other.  However,  it  is  hard  to 
decipher  from  them  the  value  of  the  homologous  temperature 
at  the  instant  of  the  initiation  of  the  shear  band.  Why  the  three 
curves  overlap  should  be  apparent  from  the  following  equation 
(Cao,  1993) 

pee  =  {A+By;)(l  +D\n  7p)(l  -  T'”)yp  (19) 

obtained  from  Eqs.  (3),  (9),  and  (10).  Since  D«l,  Eq.  (19) 
is  a  functional  relationship  between  the  temperature  and  the 
effective  plastic  strain  which  is  vinually  independent  of  the 
nominal  strain-rate,  and  the  three  curves  in  Fig.  7  depict  this 
functional  relationship.  If  the  effect  of  heat  conduction  were 
included  in  Eq.  (3),  then  Eq.  (19)  will  still  hold  to  a  good 
approximation  since  the  thermal  conductivity  of  steel  is  very 
small.  It  should  explain  the  observations  of  Batra  and  Ko  (1993) 
who  incorporated  the  effect  of  heat  conduction  in  the  balance 
of  internal  energy. 

In  Figs.  8(a)  and  8(b)  we  have  plotted,  at  different  times. 
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the  variation  of  the  effective  plastic  strain  along  an  axial  line 
for  the  case  when  the  tube  is  twisted  at  a  nominal  strain-rate 
of  5000/s.  The  time  is  measured  in  terms  of  the  nominal  strain. 
Note  that  the  horizontal  scale  in  Fig.  8(6)  is  enlarged  to  dem¬ 
onstrate  vividly  the  strain  distribution.  These  plots  show  that 
once  the  deformation  has  localized  into  a  shear  band  at  a 
:  nominal  strain  of  0.85,  the  material  outside  of  it  undergoes 

;  essentially  no  deformations  during  the  subsequent  twisting  of 
:  the  tube  and  all  of  the  deformations  are  concentrated  within 

;  the  band.  When  the  nominal  strain  increases  from  0.85  to  1.15, 

1  the  peak  value  of  the  effective  plastic  strain  within  the  band 

j  increases  from  1.6  to  11.5.  Because  of  the  rather  coarse  mesh 

j  used,  it  is  not  feasible  to  ascertain  the  band-width.  A  finer 

;  mesh  could  not  be  used  because  of  the  limited  computational 
resources  available. 

Conclusions 

We  have  studied  the  initiation,  growth,  and  the  propagation 
of  a  shear  band  in  a  thin  steel  tube  twisted  at  nominal  strain- 
rates  of  1000/s,  5000/s,  and  25000/s.  One  end  of  the  tube  is 
kept  fixed  while  the  other  end  is  twisted  at  a  prescribed  rate. 
The  inner  surface  and  the  mantle  of  the  tube  are  taken  to  be 
•  traction  free,  and  its  deformations  are  presumed  to  be  locally 

i  adiabatic.  A  material  defect  has  been  modeled  by  presuming 

j  that  a  small  region  consisting  of  two  elements  along  the  axis 

of  the  tube  situated  midway  between  the  tube  ends  is  made  of 
a  material  weaker  than  that  of  the  rest  of  the  tube.  This  weak 
region  extends  through  the  thickness  of  the  tube  and  6  deg 
across  its  circumference.  It  is  found  that  a  shear  band  initiates 
from  the  site  of  the  weak  region  and  propagates  in  both  di¬ 
rections  along  the  circumference.  Its  speed  of  propagation 
varies  with  the  nominal  strain-rate  and  also  depends  upon  the 
state  of  deformation  at  a  point.  At  a  nominal  strain-rate  of 
1000/s,  the  band  speed  varies  from  40  m/s  to  260  m/s.  The 
<  nominal  strain  at  which  a  shear  band  initiates  increases  with 

the  nominal  strain-rate. 
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